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Chapter 1 
Introduction 


Historical development of the idea of vector quantities 

From the time of Archimedes (250 B.c.) mathematicians have been 
able to compound forces and velocities to meet the requirements 
of navigation and engineering. In 1586 Simon Stevin of Bruges 
published treatments of statics and hydrostatics. He was the first 
mathematician of the sixteenth century to continue the work of 
Archimedes in statics and he used the triangle of forces to com- 
pound two forces; a method which he was the first to publish. A 
century later Sir Isaac Newton extended these ideas, introduced 
new concepts such as momentum, and stated three ‘Laws’, which 
enabled him to provide an axiomatic treatment based on these 
three assumptions. He was able to explain many known physical 
phenomena and to predict more. Within the mathematical frame- 
work built on his three assumptions he was able to explain astro- 
nomical facts then known and to formulate his theory of universal 
gravitation. 

It should be emphasised that Newtonian Mechanics is still valid 
except when dealing with masses approaching those of the atom, 
and with velocities approaching that of light. Under these extreme 
conditions modifications, including quantum mechanics and rela- 
tivity theory, become necessary. A century after Newton came great 
discoveries in physics which focused attention on the growing 
concept of Vector Quantities, the work of Gauss, Argand, Oersted, 
Ampére and Faraday. The discoveries of the last two men could 
only be explained in new mathematical ideas. The foundations had 
been laid, and in 1844 Sir W. R. Hamilton in Dublin and H. G. 
Grassmann in Stettin produced, independently of each other, an 
extension of algebraic ideas to explain known experimental results. 
Hamilton was the first mathematician to use the word VECTOR to 
represent this new concept, but he used the concept of vector 
within the wider concept of the quaternion and although his 
followers tried to use the theory of quaternions over an extensive 
field, the theory never became widely used and was eventually 
discarded. Grassmann’s Theory of Extensions included the 
concept of the vector and the quaternion within an even broader 
framework; while Hamilton worked within real space of three 
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dimensions, Grassmann extended his ideas into an abstract space 
of n-dimensions. 

At last the idea of a quantity which had magnitude and direction 
was recognised and given a name to distinguish it from a quantity 
with magnitude only, called a Scalar quantity. The following is a 
list of some of the more common Scalar and Vector quantities: 


Vectors Scalars 
Displacements Length 
Velocity Area 
Force Volume 
Acceleration Work done 
Momentum Electrical resistance 
Electrostatic force Power 
Magnetic force Energy 
Electric current, etc. Mass 

Density 
Specific gravity 
Temperature 


Potential, etc. 


An examination of the table shows that the essential difference 
between the vector quantities and the scalar quantities is the 
additional quality they possess, besides magnitude, of orientation 
and sense, expressed by the one word DIRECTION. Throughout this 
book whenever the direction of a vector is mentioned these two 
aspects of direction will generally be intended. 

During the second half of the nineteenth century efforts to use 
Hamilton’s quaternions and Grassmann’s Ausdehnungslehre in 
practical problems were not very successful, but many mathe- 
maticians in various countries were working to formulate a useful 
form of vector algebra and in 1881 Professor Willard Gibbs of 
Yale printed privately for the use of his students a pamphlet 
setting out the elements of a system of vector analysis which he 
had developed to handle practical problems in physics. Professor 
Gibbs had extracted from the works of Hamilton and Grassmann 
those methods and ideas which he could adapt to his treatment of 
vectors and it is mainly his treatment which has been developed 
into the modern method of vector algebra. In his original pamphlet 
Professor Gibbs pointed out that the simplest of all vectors is a 
straight line drawn from A to B, the length AB representing the 
magnitude, the direction of the line representing the direction of 
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the vector with an arrowhead to give the sense. He pointed out 
that any vector could be represented by this geometrical model, 
which we call a directed line segment (although it was Stevin of 
Bruges who in 1586 first explained that a force could be repre- 
sented by a line in magnitude and direction). 


Free vectors, localised and bound vectors 

Because vector quantities can be represented by directed line 
segments, a geometrical approach to vector algebra enables the 
student to build up abstract concepts from a practical basis. In 
order to make the best use of geometrical models we must star’ 
with FREE vectors. A free vector is one which has no specified 
point of application. We can imagine it capable of treatment in 
any convenient position. In the application of vectors to some 
practical problems there may be some restrictions on the position 
of the vector: for instance in mechanics a force vector is sometimes 
restricted to a certain line of action although it may be located 
anywhere along that line; such a vector is called a LOCALISED or 
SLIDING vector. In other problems it may be restricted to a certain 
position also, it is then said to be a BOUND vector. Throughout we 
shall be dealing only with free vectors, unless otherwise stated. 


Geometrical representation of a vector 
Suppose we are told that Ship A is travelling at 7 knots in a NE 


direction and Ship B is travelling at 3 knots in a NW direction. 
We can show these motions in a geometrical diagram. 


N 


Fig. 1 
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The velocity of ship A is represented by the line segment OA Chapter 2 


(i) The length of OA is 7 units. 
(ii) The direction of OA is NE. Equal vectors 
(iii) The arrowhead indicates that the motion is from O to A, i.e. 

the sense of the direction. 


Point O is called the origin of the vector and point A is the ter- Coplanar vectors 
minus or end-point. Suppose now that two ships C and D are both travelling at 7 knots 
In a similar manner the vector OB represents the velocity of ship B. in NE direction. Regardless of their actual positions obviously 
It is convenient to show both vectors with their origins at the same both have equal velocity vectors and if we represent them on a 
point since they are free vectors. geometrical model we shall have the following: 

N 

S 
Q 
E 
͵ 
Α 
Ν 
I Ξ 
P 
Fig. 2 


PQ and RS will represent the two equal vectors and it is also 
obvious that if two vectors are equal then three conditions must 
hold: 

(i) Vector PQ is parallel to vector RS. 

(ii) PQ and RS have the same direction and the same sense. 

(iii) The magnitude of PQ must be equal to the magnitude of RS. 

In the two examples used so far, the vectors have been in the same 
plane because they have been assumed to be horizontal. The two 
vectors have been coplanar. We have been working in two dimen- 
sions only, which is simpler than working in three. In the first part 
of this book the treatment will be restricted to two dimensions, but 
at an appropriate stage the treatment will be extended into three- 
dimensional space. 

Since a directed line segment can represent any vector quantity 
in magnitude, direction and sense, we can always make a geometri- 
cal model of a system of vectors. Displacements have magnitude, 
direction and sense, and constitute the simplest of all vectors; their 
representation by directed line segments is obvious. The physicist 
and the engineer live in a world dominated by vectors and the whole 
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study of vectors started when Stevin in the course of his engineering 
work showed that a force can be represented by a line and then 
proceeded to show the geometrical method of adding forces by 
using the triangle of forces. 


Algebraic representation 
In addition to the geometrical representation of a vector we can 
use algebraic symbols on condition that they are suitably defined. 


y 


Fig. 3 


In Figure 3 we show three coplanar vectors PQ, ST and OA, 
all with the same length or magnitude, all parallel and in the 
same sense. By our earlier statements these three conditions mean 
that the three vectors are all equal to each other. We can represent 
them all by the same algebraic symbol; in print this is shown by 
bold type, in handwriting or typewriting by underlining the letter. 
Any convenient letter can be used, in this case we use a. So we have 
ΟΑ - PQ = ST = a. 

The magnitude of the vector is denoted by the use of two vertical 
lines thus [4] known as Modulus a or Mod a. In the diagram the 
two lines at right angles serve as the normal axes of reference and 
given a vector a we can conveniently show the starting point or 
origin of the vector at the intersection of the axes of reference, which 
is also called the origin in normal number algebra. 

Suppose we are given two vector quantities a and b of the same 
kind, and then told that a = b, then it follows that a and b are equal 
in magnitude, parallel and in the same sense. The equality sign in 
vector algebra always has this threefold meaning. 

Note also that the magnitude of a vector is always positive. 
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Addition of vectors 


Fig. 4 


Consider a displacement from O to A as shown. A body starting 
at O and ending at A suffers a displacement represented by the 
vector OA. If it then suffers another displacement from A to B 
represented by the vector AB, when it arrives at point B or position 
B, its total displacement, i.e. the sum of OA and AB, is equivalent to 
the displacement from O to B. This is shown by OA+ AB = OB. 
The equality sign has the threefold meaning already given to it 
earlier and the plus sign in vector algebra has this new meaning of 
geometrical addition using the Triangle of Vectors. 

If OA = a, AB = b and OB = ¢, then we can represent the process 
of addition of a and b as 


a+b=c. 


In the diagram if OP is equal and parallel to AB then they are 
equal vectors, PB is equal and parallel to AB hence OP = b and 
PB = a and from triangle OPB we have 


b+a=c. 


It follows from this that a+b = b+a and in vector algebra we 
have shown that addition is commutative. | 

The addition of vectors of the same kind is defined by the Trian- 
gle Rule and agrees with the experience of engineers and physicists. 
If two forces A and B act at a point in a body then the total effect 
is exactly equal to that which would result from a single force called 
the resultant. The two forces A and B could be replaced by a single 
force C, which by experiment is found to be equal to the force C 
predicted by vector methods as the vector sum of A and B. Over 
the centuries this has been one of the fundamental theorems of 
mechanics and in fact the mathematical treatment of vectors is 
justified by its agreement with physical results. 
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Worked examples on vector addition 
1. On a vector diagram represent the following vectors: 
(i) A force of 2 1b wt making an angle of 30° with the horizontal 
direction. 
(ii) A force of 3 lb wt making an angle of 70° with the horizontal. 
(iii) The sum of these two vectors. 
| Scale: let 1 inch represent 1 Ib wt. 


R 


OP represents the force of 210 wt in a direction making 30° 
with Ox the horizontal. 
OQ represents the force of 3lb wt at an angle of 70° to Ox. 
From P draw PR equal and parallel to OQ, then PR also repre- 
sents the force of 3 lb wt. 
OR then represents the sum of OP and PR and is 43 |b wt at an 
angle of 55° with Ox. 
2. A yacht capable of sailing at 7 ieastie is heading in a NE direction 
but a tide of 23 knots is running towards N 20° W. Find the 
| actual speed and direction of the yacht. 
Let O be the origin, from O draw OP 7cm long in a direction 
N 45° E. OP then represents the velocity due to the yacht. From P 
draw PQ 23cm long in a direction N 20° W, then OQ is the result- 
ant velocity of the yacht. The speed of the yacht is approximately 
8-4 knots in a direction N 294° E. 
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Exercise 1. 


1. An airplane capable of 250 m.p.h. in still air flies NW at this 
speed and meets a wind of 45 m.p.h. from the S& Find from a vector 
diagram the final speed and direction of the aircraft. 

2. A ship steaming at 16 knots on a bearing 125° runs into a stream 
flowing at 2 knots in a direction due East. Find the speed and direc- 
tion of the actual movement of the ship. 

3. Two forces of 610 wt making an angle of 60° with each other 
act on a body. What is the resultant force on the body? 

4. A rocket falling with an acceleration of 32 ft/s? experiences a 
side thrust causing a horizontal acceleration of 3 ft/s?. What is the 
resultant acceleration and the angle it makes with the vertical 
direction? 

5. An aircraft capable of 250 m.p.h. in still air sets a course NE but 
its track is actually N 40° E and its ground speed is 260 m.p.h. Find 
the speed and direction of the wind that caused this deviation from 
the set course. 

6. A ship A starts from a point O and travels 3 miles North then 
4 miles NE. Another ship B also starts from O but travels 4 miles 
NE and then 3 miles North. Where are both ships finally? Show 
this on a vector diagram and give your conclusion. 
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Subtraction of vectors 

In vector algebra a special meaning attaches to the symbols + 
and =. We now proceed to find a meaning for the negative sign and 
a meaning for vector subtraction. 

Early in a school course students learn that the minus sign can 
have two meanings depending on the branch of mathematics in 
which they are working. In arithmetic the sign means subtract, 
e.g. 7—3 means subtract 3 from 7, result 4. But 3—7, i.e. subtract 
7 from 3, is impossible until the student has learnt the meaning of 
DIRECTED numbers, then —7 no longer means subtract 7 but 7 units 
in a direction opposite to +7. —7 is called a directed number and 
can be shown on the number line. 


Η | 
Lg | + ve direction 


δ +1 +2 +3 +4 
oe πῇ ὁ Στ 3 | | "““- τὰ 


™ “Ὁ τά «- 4 Ι iP 
-ve direction ——+— ---.. 
: $$ --τ- - 
Fig. 7 Ι ' ! 


Using a horizontal line to represent the number scale and taking 
direction to the right as positive and direction to the left as negative, 
we start at 0 and take 3 positive steps to the position P and then 
take 7 negative steps from P in the opposite direction, which then 
brings us to Q at the point —4. Thus using directed numbers we 
now state that +3-—7= —4. This could be restated as 
+3+(—7) = —4, or in words to three positive steps add 7 steps 
in the opposite negative direction, which results in 4 negative steps. 
In the same way +3+(—3) = 0 and so generally +n+(—n) = 0 
in number algebra. 

Similar ideas produce similar results in vector algebra. In 
diagram (8) if OP represents vector p, then OP’ of the same magni- 
tude, of the same direction but opposite in sense is defined as —p. 


Fig. 8 


Chapter 2 


Since vector NM and vector LK are parallel to OP’, equal in 
magnitude and have the same sense, then they are both equal to 
OP’. They are also equal to —p. Notice that |—p| = |p|. 

Now let vector r of very small magnitude be equal to the vector 
sum of a and b as shown in the diagram. 


b 


a 
r 


Fig. 9 


By the triangle rule for the addition of vectors, r = a+b, and as |r| 
becomes very small, vector b will approach vector a in magnitude 
but will tend to be in the opposite direction. As |r| - 0, [δ] > [4] and 
will be in the opposite sense, thus ἢ > —a. 

If the process is continued until |r| = 0, we say that vector r has 
become the ZERO VECTOR and then 


a+b=0 
But | 
b=-a 
a+(—a)=0 
As in number algebra, this is usually written 
a—a= 0. 


As with number algebra, we can now define the subtraction of 
vector b from vector a as the addition of —b to a. 


a—b = a+(—b) 
In the vector diagram we show this process 
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If OB and OA represent the two vectors b and a, through the 
terminal point A draw TAT’ parallel to OB. Let |AT| = |OB| in 
length: then since AT is equal, parallel to and in the same sense as 
OB, AT represents vector b. If |AT’| = |AT| then AT’ is the vector 
—b. OT’ is the vector sum of a and —b. 
OT’ = a+(—b) 

= a—b. 
In Figure 10 above it is seen that [ΒΑ] is equal to [ΟΤΊ, parallel 
and in the same sense. It also represents the vector a—b. This sug- 
gests that in general to find the difference of two vectors we need 
only set them out as the adjacent sides of a triangle but with a 
common origin and the third side will be the difference of the two 
vectors. To find the difference of vectors p and q we proceed as 
follows; 


Q 


4 


Ο 
Fig. 11 
If OP and OQ are the two vectors p and q, then QP is p—q because 
a displacement from Q to P is equivalent to a displacement from 
Q to O followed by another from O to P, or QP = QO+ OP but 
QO = —q hence 
QP = —q+P 

= p—4. 

The sense of QP must be emphasised at this point because 


PQ = —QP and using the method of the previous paragraph we 
have PQ = PO+0OQ and PO = —OP = —-p 


hence PQ = —OP+0Q 
a fa | 
= q—P. 
We have also shown that in vector algebra we can operate on vector 


equations with the negative sign as in number algebra because we 
have shown that PQ = —QP = —(p—q) = --". 
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The parallelogram of vectors 


If the sides of the parallelogram 
PQRS, PQ and PS represent the 
vectors a and b, then SR and QR 
also represent the vectors a and b. 
The diagonal PR = a+b and the 
diagonal SQ = a—b since 
PR = PQ+QR and 
SQ = SP+PQ = —PS+PQ. 

In mechanics the sum or result- 
Fig. 12 ant of two forces is often found by 
using the Parallelogram of Forces. 


The polygon of vectors 

When more than two vectors are 
to be dealt with they can be added 
or subtracted two at a time. If we 
wish to find a+b+e¢+d we draw 
PQ to represent a, then from the 
terminal point of PQ we draw 
QR to represent b, from the 
terminal point of QR we draw 
RS to represent ¢ and similarly 
ST to represent d. 


Fig. 13 


PR = a+b and in the triangle PRS, 
PS = PR+RS = PS = a+b+e 


In the triangle PST, PT = ΡΒ ΒΤ = PT = a+b+c+d 


Any number of vectors can be summed in this manner, using the 
polygon of vectors. Using the same vectors, if we wish to find 
a+b—c-—d the diagram would be set out with the RS' = —RS 
and S'T' = —ST 


(i) 
13 
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It is shown by the figure that PT' = PR+RT* and PR = a+b but 
RT! = —T'R = —(T'S'+S'R) 


= —(d+c) 
= —(c+d). 
The final result can therefore be expressed also as 
PT'= a+b—(c+d) (ii) 


Combining equations (i) and (ii) gives 

a+b—c—d = a+b—(c+d). 

Once more vector equations have been shown to follow the same 
rules for signs and brackets as the equations of number algebra. 


Relative velocity 

The method of finding the difference of two vectors finds a useful 
application if problems on Relative Velocity. A motorist A travel- 
ling at 60 m.p.h. is overtaking another motorist B travelling at 
45 m.p.h. along a straight road. To the motorist B the other car 
appears to be overtaking at 15 m.p.h. This is a matter of common 
experience. To the motorist A the other car appears to be travelling 
in the opposite direction at 15 m.p.h. To find the relative velocity 
of the other car the observer subtracts his velocity from the velocity 
of the other. So to B, A appears to be travelling at +15 m.p.h., 
but to A, B appears to be travelling at —15 m.p.h., 1.6. in the oppo- 
site direction. 


Meaning of the negative sign in vector algebra 

At this stage it will be useful to remind the student that we have now 

given three different meanings to the negative sign: 

1. The simple meaning as in arithmetic of subtracting one cardinal 
number from another; 

2. The further idea of a directed number meaning a distance along 
the number line in the opposite direction to +a; 

3. The vector meaning of compounding by the triangle or parallel- 
ogram method a vector equal in magnitude but opposite in 
direction to vector a. 

Which meaning you attach to the minus sign depends on the 

algebra in which you are working. 

For those familiar with matrix algebra still another meaning is 

‘assigned’ to the minus sign. 
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Example : 

Two aircraft A and B are flying at the same altitude but on_different 
courses. Aircraft A is flying at 250 m.p.h. towards the NE, and 
aircraft B is flying at 150 m.p.h. towards the NW. What is the 
velocity of B relative to A? 


Fig. 15 Lilie ω 


To an observer on the ground the two aircraft can be observed 
on their separate courses at the same time, but to the pilot of A the 
movement of B is relative to his own aircraft and we have shown 
that in this case the velocity of A must be subtracted from the veloc- 
ity of B to give the required relative velocity. 

If PQ is the displacement vector representing 150 m.p.h. to the 
NW, then QR represents the velocity opposite in direction but 
equal in magnitude to the velocity of A. Hence PR represents the 
velocity of B relative to A which is 292 m.p.h. in a direction S 76° W. 
To the pilot of aircraft B the velocity of aircraft A relative to him is 
equal in magnitude to this but opposite in direction, i.e. 292 m.p.h. 
in a direction N 76° E. 


Exercise 2. 

1. A yacht is travelling at 10 m.p.h. in a northerly direction and a 
motorboat is sailing NW at a speed of 123 m.p.h. What is the 
velocity of the motorboat relative t6 an observer on the yacht? 
What is the velocity of the yacht relative to the helmsman of the 
motorboat? 

2. A motorist M is approaching a crossroads from the West at 
50 m.p.h. on a level road and another motorist N is approaching the 
same crossroads from the South at 40 m.p.h. on the same level. 
What is the velocity of M relative to N? 
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3. Heavy snow is blowing at 15 m.p.h. from the NE and a cyclist is 
riding at 12 m.p.h. in NW direction. What appears to be the 
velocity of the snow to the cyclist? 

4. A motorist is travelling at 55 m.p.h. in a northerly direction and 
rain is blown by the wind from the SE at 20 m.p.h. How does the 
‘rain appear to be blowing to the motorist? 

5. A motorist makes a journey on a straight road running due 
North and South. On the outward journey to the North the wind 
appears to be blowing from the NE, when his speed is 30 m.p.h. 
On the return journey, when his speed is 35 m.p.h., the wind appears 
to be blowing from the SE. What is the true speed and direction of 
the wind if it remains constant throughout the journey? 


Multiplication of a vector quantity by a scalar number 

In number algebra, 3x means 3 times x; the number represented by 
x is multiplied by the number 3. From the work already done on 
vectorial addition we shall find a meaning for 3a in vector algebra. 


Fig. 16 


If the displacement vector OP represents the vector quantity a 
and the displacement vector PQ represents vector quantity b then 
OQ = OP+PQ = a+b. 

If now the vector PQ is altered so that |b| = |a| and the direction 
is the same as that of OP, then b becomes equal (in the vector 
meaning) to a. Since OQ = OP+PQ and both OP and PQ are 
equal to a, then OQ = a+a. 

In number algebra, x+x = 2x; similarly in vector algebra 
under the conditions in the diagram, OQ = 2a = a+a. The 
diagram shows the meaning that we give to 2a; it represents a 
vector in the same direction (including sense) as vector a and having 
twice the magnitude. Similarly, 3a means a vector in the same 
direction as vector a but having three times the magnitude. By 
extending the process we can define na, when n is a positive real 
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number, as a vector having the same direction and sense as vector 
a but with the magnitude n times that of a 1.6. 


|lna| = nial. 


Notice also that na is still a vector. The product of a scalar and a 
vector is a vector quantity. 

If n is ἃ NEGATIVE real number then the product na is now a 
vector in the opposite sense to vector a although in the same 
direction and since the magnitude of any vector is always positive 
then the magnitude will be the positive value of |na|, as would be 
understood in number algebra by the Modulus sign. In the diagram 
we again show the vector a and vector —2a. 


Fig. 17 


OP represents vector a and OQ therefore represents vector —2a. 
Notice that since O'Q' is equal and parallel to OQ it also repre- 
sents —2a. 

If n = 0, then the vector na is called the ZERO vector, its magni- 
tude is zero and its direction and sense are not defined. The zero 
vector is denoted by O. 


The meaning of m(na) when m and n are both scalars 

We have shown that na is a vector whose magnitude is n times that 
of a but having the same direction and sense as the vector a. 
If we put b = na then m(na) = mb. Hence m(na) has the same sense 
and direction as b but m times the magnitude of b, and in its turn b 
has the same sense and direction as vector a but n times the magni- 
tude, giving the result that m(na) is a vector with the same direction 
and sense as a but with mn times the magnitude. 


|m(na)| = mnla| 


= nmla| since m and n are scalar numbers. 
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To show the meaning of (n+ m)a 


Fig. 18 


If OP represents vector a, then ma and ma will have the same 
direction as OP. If QR represents na and RS represents ma then 
QR and RS have the same direction and a common point R. 
QRP must therefore be in the same straight line. 


Since QRS is a straight line 
QS = QR+RS 
= na+ma. 


But line QS is (n+m) times the length of line OP and it follows 
that QS = (n+m)OP 

= (n+m)a 
then 


(n+m)a = na+ma. 


This is the Distributive Law for the Scalar Multiplication of a 
Vector. 


Multiplication of two vectors by a scalar 

OP represents vector a, PQ represents vector b and OQ is therefore 
a+b. If OP is produced to R so that OR is n times OP, then OR 
is the vector na. From R, RS is drawn parallel to PQ and n times 
its length and is therefore nb. This line OS is n times the length of 
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the line OQ and parallel to it by the properties of parallel lines. 
This means that OS = nOQ but 


OS = na+nb 
so we have 
nOQ = na+nb 
n(a+b) = na+nb 
This is also one of the Distributive Laws of Scalar Multiplication 


of vectors and corresponds to a similar law in number algebra. 


The unit vector 

Throughout the whole treatment of vectors (past as well as present) 
the idea of the UNIT VECTOR has been of the greatest assistance. 
As its name implies the unit vector is a vector of unit magnitude 
in any direction and sense which is under consideration. 


Ρ 


Fig. 20 
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Suppose OP represents vector a of magnitude |a|, and OU is a 
vector in the same direction and sense as a but of unit magnitude. 
In this case since the unit vector is in the direction of a it is denoted 
by ἃ. Later in different circumstances other notations for the unit 
vector will be used, especially when it is used independently of other 
vectors. 


|OP| = [al 
\OU| = |a] = unit magnitude 
=OP = [Οἵ = |ala. 


We distinguish between a and the unit vector in direction of a by 
calling 4—CAP a. 

Any vector can be represented in this way as the product of its 
magnitude and a unit vector in the same sense and direction as 
itself. (It must be remembered that the magnitude of a vector is a 
scalar so that the product of the magnitude and the unit vector 
remains a vector.) 

A unit vector in any direction is often denoted by u Let this 
unit vector u make an angle @ with a certain direction which will be 
called the BASE direction. 


i 


CE, Q 


Fig. 21 


If E, is the unit vector in the base direction and E, is the unit 
vector in the direction perpendicular to the base direction, E, 
and E, are called the base vectors. In the diagram PR = PQ+QR 
and we have just shown that vector PQ can be expressed as the 
magnitude of PQ times the unit vector in the same direction, ie. E,. 
If the magnitude of PQ is denoted by c and the magnitude of QR 
is denoted by s then PQ = cE, and QR = sE, and the unit vector 
u = cE, +sE,. cE, and sE, are the Component vectors of the unit 
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vector, and c and s are scalars. Whatever the size of the angle the 
scalars c and s are always less than unity, and the scalar numbers 
c and s can be defined as the cosine and sine respectively of the 
angle 0 between the unit vector and the base direction chosen. 

Since the unit vector E, is at right angles to the Base direction, 
E, and E, denote an orthogonal Base. Now while cE, and sE, 
are called the orthogonal component vectors of the unit vector, 
the scalars c and s are often referred to simply as the components. 
We will now consider a vector a in the direction and sense of this 
unit vector u. Let PA = a. 


Fig. 22 


Since a and ἃ have the same sense and direction, a = |aju. But 
u = cE, +sE, which means that 


jaju = |a|(cE, +sE,) 

= |a|cE, +|a|sE, 
Hence we can express the vector a in terms of the base vectors, 
a = |alcE, + |alsE,. 


As before the scalars |a\c and |a|s are called the components of the 
vector a in the orthogonal base. When the unit base vectors E, 
and E, are multiplied by the scalars |alc and |a|s respectively the 
resulting vectors PB and BA are the component vectors of the 
vector a. 


PB = |alcE, or |a| cos 0E, 
and 


BA = |a|sE, or [8] sin θ E, 
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Exercise 3. 


Vector a has magnitude 3 units in the direction shown and vector 
b has magnitude 2 units in the direction OQ. 

1. With the vectors given, construct vector c = a+b. Give the 
magnitude and direction of c. 

2. Again with the given vectors construct d = 3a+ 3b and give the 
magnitude and direction of d. What is the relation between vectors 
ς and d? 

3. Mark OU = 1 unit along OP. OU therefore represents the unit 
vector along vector a and OU = 4. Express a in terms of 4. 

4. Show the unit vector ὃ in the diagram and express b in terms of 
the unit vector b. 

5. Give ς and d each in terms of the appropriate unit vector. 

6. Choose a suitable unit and show a force of 3 lbf (Ib wt) acting 
in a direction N 30° E and a force of 4lbf acting in a direction 
S 30° E. Find the resultant (i.e. the sum) of these two forces. 


The addition of three vectors 

Consider the addition of vectors 
a, Ὁ and ὁ represented in the dia- 
gram above by OP, PQ and QR 
respectively. 

OQ = OP+PQ = a+b 

PR = PQ+QR = bec 

The vector OR can be obtained 


in two ways, from triangle OPR 
or from triangle OQR. 


Fig. 24 OR = OP+PR = a+PR = a+(b+c) 
and 


OR = 0Q+QR = (a+b)+QR = (a+b)+e. 
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We have thus shown that 
a+(b+c) = (a+b)+c. 


This is the Associative Law for the Addition of Vectors. The 
curved brackets ( ) have the same meaning in vector algebra as 
in number algebra and matrix algebra, i.e. the operation between 
the brackets is to be performed first. 

The addition of more than three vectors is performed in a similar 
manner by extending the process, any pair of vectors can be added 
and replaced by a single vector (their sum) and by successive 
reduction in pairs, the vectors can all be added. This was demon- 
strated earlier but the Associative Law for Addition shows that 
the order in which the vector addition is carried out is not im- 
portant. 


Vector equations 
If a+b = c then the equality still holds if the vector (—b) is added 
to both sides of the equation. 


(a+b)+(—b) = c+(—b) = c—b (i) 
But applying the Associative Law it follows that 
(a+b)+(—b) = a+(b+(—b)) 

= a+(b—b) 

= A. 


Since it was shown earlier that b—b = 0 the zero or null vector. 
So that equation (i) can now be written 


a= c-—b. 


We have now established that if a+b = c then a = c—b. Once 
more we have shown that in vector algebra equations can be 
handled as in number algebra as far as addition, subtraction and 
scalar multiplication are concerned. 

Suppose x+a = b where a and b are known vectors and x is 
an unknown vector, this constitutes a vector equation similar to 
the usual type of number equation x+a = b, where a and b are 
known numbers and x is the unknown number. We have shown 
that this can be rewritten x = b—a, hence the equation has been 
solved in a vectorial sense. 
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If a and b are non-parallel, let (x+y)a+(x—y)b = a, where 
x and y are scalars. The lefthand side of this equation is the sum of 
two vectors and can be expressed as a single vector but then the 
equality is only possible if the vector b is the zero vector. This 
means that 


x—y=0 
=>x=y 
The equation then reduces to 
(x+y)a=a 
=>(x+y)= 1 
=>x = 5 and y = 5. 


If a and b are non-parallel vectors and xa+ yb = 0 then both x 
and y must be zero. 
Suppose that x # 0 then the equation can be rearranged 


xa = —yb 
a= —(y/x)b. 


But this means that vectors a and b are parallel to each other and 
this is contrary to the given statement, hence x = 0. If x = 0 then 
it follows that y = 0. Under these conditions the two vectors a 
and b are said to be Linearly Independent. 


Parallel vectors 
By definition, if two vectors a and b are equal they are equal in 
magnitude, have the same direction and in the same sense, 1.6. they 
are parallel. Since we are dealing with free vectors we must be 
prepared to think of a vector being parallel to itself (see page 6). 
If c = 3d then the two vectors ς and 3d being equal means that 
c is parallel to $d, and from the definitions on page 16, 5d is parallel 
to d, so we can conclude that vector c is parallel to vector d, has 
the same sense but only half the magnitude. This conclusion is 
not dependent on their starting points and is true for any number 
of dimensions. 
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Since —a is defined as a vector equal in magnitude to vector a 
parallel to it but opposite in sense, then ς = —4d means that c is 
parallel to d but has half the magnitude of d and is in the opposite 
sense. 


Development of vector algebra 

It is convenient at this stage to summarise the work so far which 
has been used to develop an algebra of vectors. The familiar signs 
=, +, — have special meaning when used in vector algebra: 
The equality sign (=) means having the same magnitude and the 
same direction (including sense). 

The addition sign (+) means vectorial addition, i.e. by the triangle 
of vectors. 

The negative sign (—) means a vector having the same magnitude 
and direction but the opposite sense to a positive vector, so that 
we write for a—a = 0, a+(—a) = 0. 


The only kind of multiplication dealt with so far has been the 
multiplication of a vector by a scalar number and we must be very 
careful to show this in a manner which does not use any special 
sign or symbol since special meanings will be developed later on 
for the more familiar multiplication signs used in number algebra. 
The product of a scalar number m and the vector a is simply 
written as ma which is understood to mean a vector with magnitude 
m times that of vector a but having the same direction. If m is a 
positive number then the sense is the same as that of a, but if m 
is a negative number the sense is opposite. In addition we shall 
only consider m when it is a real number, and further, division by 
the scalar real number m will be understood as in number algebra 
to be equivalent to multiplication by the reciprocal of m, 1.6. 1/m. 


Summary of laws 

With the meanings for the symbols set out above we can now list 
the Laws of Vector Algebra established so far in the treatment of 
vectors in a plane (sometime known as 2-vectors). 

l.a+b=b+a Commutative Law for Addition. 

2. a+(b+c) =(a+b)+ec Associative Law for Addition. 

The curved brackets have the same meaning as in number algebra, 
1.6. it is intended that the addition inside the brackets shall be 
performed first, the brackets indicate order of performing the 
operation. 
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3. ma = am Commutative Law for Scalar Multiplication. 
4. m(na) = (mn)a_ Associative Law for Scalar Multiplication. 
5. m(a+b) = ma+mb!/ Distributive Laws for Scalar 

6. (m+n)a = ma+na Multiplication. 


A UNIT VECTOR is a vector having UNIT MAGNITUDE. A unit 
vector in the direction and sense of vector a is usually denoted by 
ἃ to indicate this special property and a = |ala. 

If a=b then a—b is defined as the ZERO VECTOR or NULL 
VECTOR; it has zero magnitude and its direction is indeterminate. 

If a = mb since mb is also a vector equal to a, then by definition 
vector b is parallel to a and in the same sense when m is positive 
but in the opposite sense when m is negative. 

Using the symbols with the meanings stated for vector algebra 
vector equations can be formed and operated on in the same man- 
ner as in number algebra. 


Exercise 4. 


1. Five coplanar forces 2 Ibf, 
3 Ibf, 4 Ibf, 5 Ibf, and 34 Ibf act 
at a point P in a body in the 

3ibf. directions shown. Find the re- 
sultant of the five forces in 
magnitude and direction. What 
force would be needed to act 
at P to produce equilibrium 
i.e. a null vector)? 

4\b.f. 2. Solve the equation 


3a = (x+y)a+(x—y)b 


given that a and b are non- 
parallel vectors. 

3. Vector a is a displacement of 2cm to the NE. Vector b is a 
displacement of 3cm to the SE. Vector ς is a displacement of 
33cm to the E. Construct a vector diagram to show 

(i) a+b-—e 

(ii) a+b—2e 
(111) 3a+2b—3¢e 

(iv) 4a—2(2a—b) 

(v) 24 -- ΤΌ -- 2ς). 
4. Vector a is a displacement οἵ 3cm to the NE and vector b 
is a displacement of 4cm in a direction N 30° W. Starting at any 
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point P find the position Q such that PQ = a, then find R such 
that QR = b. Hence find the vector c = a+b and show it on the 
vector diagram. Next starting at S, a point on PQ such that 
PS = SQ, construct ST = d = 4a+4b. 

What is the relation between ς and d? What conclusion do you 

draw about APQR and the points 5, T? What is this relation 
called in the geometry of Euclid? 
5. Using vectors a and b of question 4 show on a vector diagram 
drawn accurately the vector a—b. How is the vector b—a repre- 
sented on the same diagram? On another diagram draw the vector 
e—d where c=a and d=b. Which congruency theorem is 
illustrated by these vector diagrams? 
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In the history of mathematics the achievement of Descartes in 
reducing geometrical problems to algebraic treatment marked a 
turning point, but it is doubtful if he himself knew just how funda- 
mental a change he had originated. He showed that a mathematical 
model of geometrical curves could be constructed in purely alge- 
braic terms. The conic sections had previously been treated in a 
rather laborious geometrical fashion. The treatment he originated 
was algebraic and from the structure came to be known as co- 
ordinate geometry. Algebra has often been called the greatest 
labour-saving device in all mathematics, and Descartes made use 
of the algebra of his time which we now call number algebra—the 
algebra of points. 

During the nineteenth century other algebras were developed. 
Two of them, vector algebra and matrix algebra, are very closely 
interlinked, both being offshoots of the work of Hamilton in 
quaternions and of Grassmann in Ausdehnungslehre, that is they 
originated in the work of these two men as a side product. We 
shall show later some of the connections between these two 
-algebras when the work in vector algebra has been extended to 
cover a much wider field, but at this stage we are in a position to 
show how vector algebra can provide a new approach to many 
geometrical problems. The main purpose of the next section is not 
merely to provide a few alternative ‘proofs’ to some well-known 
geometrical theorems, but also to show how vectorial methods 
can provide a new approach in geometry by using directed line 
segments, or displacement vectors, and the laws of vector algebra 
on page 25. 


Vector geometry 

The mathematician needs the help of a real model to understand 
many abstract concepts. For the concept of a vector quantity we 
find the help of the geometrical model of a directed line segment 
indispensable in the early stages. This forms the basis of a new 
approach to geometry. Many geometrical properties can be 
deduced from the fundamental definition of a vector quantity and 
the axioms of vector algebra. The axioms or laws given on page 25 
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apply to two dimensional vectors at this stage of our treatment; 
until we have extended our new algebra into three dimensions we 
shall therefore limit our geometrical treatment to plane geometry. 


B 


ΑΔ ς 


Fig. 27 


Treating the triangle ABC vectorially gives 

AB+BC = AC. (i) 
If D and E are the mid-points of AB and BC then by previous work 
DB = $AB and BE = 3BC. 

Using scalar multiplication on the vector equation (i) above 
=4(AB+BC) = 3AC 

τ: ΑΒ ΒΟ = ας 

-:- ὨΒ ΈΒΕ = $AC. 

But from triangle DBE it is seen that DB+BE = DE 

=DE = 5AC. 


This single vector equation yields two pieces of information: 
(i) DE is parallel to AC (ii) length DE is half the length AC. 
The result is of course the well known Mid Point Theorem. 


It was shown earlier that as long as the symbols are given their 
correct vectorial meanings, then vector equations can be operated 
by the usual methods of number algebra. When applied to geo- 
metrical problems, methods using vector equations yield important 
results. Consider now a parallelogram. 
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From definitions if AB = a then CD = —a and if BC = b then 
DA = —b. If the diagonals intersect at N then vector BN can be 
written as nBD because vector BN has the same direction and 
sense as vector BD, similarly AN can be written as mAC. In the 
triangle ABN, AB+ BN = AN 


=>a+BN = AN 

=a = AN—BN 

=a = mAC—nBD 

ma +b) -- Ὁ -Ἐ(-- 8)} 
=>a = (m+n)a+(m—n)b. 


>a 


This vector equation can only be true vectorially if m+n = 1 and 
m—n = 0. 
(Note: two scalar equations follow from one vector equation) 
m=n =}. 
This means that BN = 3BD and AN = $AC 50 N is the midpoint 
of BD and AC. In other words the diagonals of the parallelogram 
ABCD bisect each other. 

C 


Fig. 29 
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On page 29 the triangle was treated as the sum of three vectors; 
in the quadrilateral ABCD above it is clear that the sides can be 
regarded as the vectorial sum also of the four vectors AB, BC, 
CD and DA from the treatment on page 29. We can treat the 
vectors in pairs giving 
AB+BC+CD+DA = (AB+BC)+(CD+DA) 
But AB+BC = AC and CD+DA=CA = —AC 
=> AB+BC+CD+DA = AC+(—AC) 
= 0. 

Similarly by extending the process we can show that for any polygon 
the vectorial sum of the sides taken in order is zero. 

(This result appears in mechanics as the Polygon of Forces 
which says that if a system of forces acting at a point are in equi- 


librium they can be represented in magnitude and direction by the 
sides of a closed polygon taken in order.) 


A 
Fig. 30 


In the quadrilateral ABCD above, H, E, F and G are the mid- 
points of the sides AB, BC, CD and DA respectively. We have just 
shown that 


AB+BC+CD+DA =0. 

Using scalar multiplication and pairing the vectors gives 
(AB+BC)+3(CD+DA) =0 

=4(AB+BC) = —+(CD+DA) 

=>4AB+4BC = —4CD-—iDA 
HB+BE = —FD-—DG 
HE = —(FD+DG) = —FG = GF. 
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But if the vectors HE and GF are equal vectors, they are equal in 
magnitude and parallel and if the lines HE and GF are equal and 
parallel to each other then the figure HEFG is a parallelogram. 
This result means that the lines joining the mid-points of the sides 
of any quadrilateral form a parallelogram. 


To show that the medians of a triangle trisect each other. 


A 
Fig. 31 


DC and EA are two of the medians intersecting at G. The position 
of G is to be determined. 

CG can be expressed as KCD and AG as mAE. It will be con- 
venient to let AB=a, BC=b and AC=c. We know that 
a+b=c. 


CG = kCD = k(—c+4a) = k(—a—b+4a) = k(—4a—b) 
AG = mAE = m(c—>4b) = m(a+b— 5b) = m(a+2). 
But in the triangle AGC, AG = AC+CG 
m(a+3b) = c+k(—4a—b) = (a+b)—4ka—kb 
=> (m+3k—1)a = (1—k—4m)b. 
Since a and b are unequal vectors this equation can only be true if 
(m+3k—1)=0 and (1—k—4m)=0 


=>m+ 3k = 1 and jm+k=1 


‘=>m = 4 and k = #4. 


This shows that G trisects AE and DC, and similarly we can show 
that G also trisects the median from B. The three medians are 
therefore concurrent and trisected by the point G. 
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Position vectors 
P The concept of the vector enables 
us to approach geometry in a new 
fashion and the use of position 
vectors opens up new ideas. 
Consider a variable point P in a 
O plane and let O be any point in the 
Fig. 32 same plane chosen for convenience 
as origin. 

The position of P in relation to the fixed point O is fully deter- 
mined by the length, direction and sense of the line OP, ie. the 
position of P is fully determined by the vector OP. Under these 
conditions OP is called the position vector of P. (This idea can be 
extended to three dimensions by considering any convenient 
origin O and a variable point P in space.) 

The use of position vectors does not require the use of coordinate 
axes, the use of the word origin for O simply means a fixed reference 
point in the plane chosen for convenience. If however a pair of 
coordinate axes is imposed on the plane so that their origin co- 
incides with the arbitrarily chosen origin, then the components of 
the position vector (in the sense given on page 21) would be the 
x and y coordinates. 


| 
Pedy!) 

| 
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ce 
P=x E,+y'E, 
Fig. 33 


If A and B are two points in a plane there is only one straight 
line passing through them. Let O be any origin chosen in a con- 
venient position, then OA and OB are the position vectors of A 
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and B with respect to O. Hence if the position vectors OA and OB 
are given, then the direction of the straight line joining A and B 
is determined. 


A 


O 


Fig. 34 » Β 

Any variable point P on the straight line AB will also be deter- 
mined by its position vector OP and the relation between the 
position vectors OA, OP and OB will be a characteristic of the 
given line AB. 

Since the point P is on the line AB then vector AP is parallel to 
vector AB. (Here is a case where we regard a vector as being 
parallel to itself.) The vector AP can be written as kAB. If P is the 
midpoint of AB then AP = SAB. If P divides AB in the ratio of 
m:n then AP = m/(m+n)AB. These two last statements are true 
because vectors AP and AB differ only in magnitude not in direc- 
tion or sense. 

To find the position vector of the midpoint of a straight line 
Suppose that in Figure 34 AB is the given straight line and P is its 
midpoint. O is the origin chosen in any convenient position in the 
plane. Then OA and OB are the position vectors of the ends of the 
given straight line. OP is the position vector of the midpoint of 
AB and is to be determined in terms of OA and OB. OA =a 
and OB = b. Let OP = p. 


p = a+AP so that AP = p—a 


AB = b-a. 
But 
AP = AB 
p—a = 3(b—a) 
p = ΔῈ 700 -- ἃ) 
= 3(a+b). 
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This can be written 
OP = (OA + OB). 


This is a special case of the problem where the point P divides 
a given line in a given ratio, say m:n, which will now be dealt with. 
To find the position vector of the point P which divides the 
straight line AB in a given ratio. 
In Figure 34, let P divide AB in the ratio m:n, then AP = 
m/(m+n)AB. The origin O is chosen at any convenient point and 
OA = a, OP = p and OB = b. 


AP = p-a 
AB =b-a 
and 
AP =—_ AB 


m 
Pt ane 


m 


Ρ - ita 
OP = na+mb 
m+n 


If P is the midpoint of AB then m =n and the above relation 
becomes OP = (a+b)/2, which agrees with the result previously 
obtained for the same condition. 

To find the equation of a straight line in vector form 
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Suppose the straight line whose vector equation is required, 
passes through the given points A and B whose position vectors 
are a and b with reference to the origin O. 


OA = a and OB = b. 

Now if P is any point in the line and r is its position vector 
From Figure 35 

OA+AP = OP. 


We have shown that vector equations can be operated like the 
equations of number algebra and so 


AP = ΟΡ --ΟΑ. 
=r—-a 

also 

OA+AB = OB 


=AB = OB—OA 
= b-a. 


But since AP and AB are collinear then the variable length 
AP can be expressed as a scalar multiple of the fixed length AB. 
In vector form 


AP = 1 AB where 1 is a scalar variable which can be + ve, or —ve 
if P lies on BA produced. 


=r—a = t(b—a) 
=r =a+t(b—a) 
=r =a+tb—ta 
= (1—t)a+tb. ‘ 
This can be written 
(1—t)a+tb—r =0. 


This is the equation of the straight line with reference to the 
arbitrary or convenient origin O. 
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Fig. 36 

If another origin O’ is now chosen then using the suffix notation 
to show the new position vectors a,,b,,r, from this origin where 
OB = b. 


(1—t)a+thb—r = 0... for the origin O 
and 

a=v+a, b = v+b, r=vV+r, 
=>(1—t)(v+a,)+t(v+b,)—(v+r,) = 0 
v(l—t+t—1)+(1—t)a, +tb,—r, = 0 
vO+(1—t)a,+tb,—r, = 0 
=>(1—t)a,+tb,—r, = 0. 


Therefore the form of the equation is independent of the origin 
chosen, the constants alter for different origins but the variable t is 
unaffected. 


Vectorial treatment of Centroids od 


m3 mi ms 


mg 
. 


Fig, 37 


If my, mz, m3, Mg, Ms, Mg,...m, are n points in a plane then for 
any origin O the position vectors of the n points are Om,, Om), 
Om,, Om,,...Om,,. 


37 


An Introduction to Vectors 


If G is some point in the plane such that 
nOG = Om, +Om,+Om,+Om,+ --- +Om 
then 


n 


og = Om: + Om, +Om,+ ---+Om, _ 20m 


r 


n n 


and the point G is defined as the CENTROID of the n points. 

We can show that the position of the point G does not depend 
on the position of the arbitrary origin chosen by taking another 
origin O’, then if G’ is the centroid for this origin 


O'm, = 0'0+Om,, O'm, = 0'0+Om, etc., and by definition 
ΟὟ’ wa ΟΊ, +O'm,+O'm, + Sas +O'm, 
n 
2 0'0+ Om, + 0'0+ Om, +0'0+Om,+ --- +0'0+ Om, 
n 


n 
= 0'0+0G 
= OG. 


Thus O'G’ = OG and this can only be true if G’ coincides with G. 
This means that although another origin has been used the cen- 
troid has remained fixed. The centroid based on the original defi- 
nition is a fixed point in the system. 


Mass centroid 


If with the points M,, Mz, M3, Mg,...M,,...m,, we associate a scalar 
number M, which measures the mass at these points then the 
centroid of the masses is defined as before: 


(M,+M,+M;3+-:-- +M,)OG = 


M,Om,+M,0Om,+M,;Om,+ --- +M,Om, 
og — M:Om,+M,Om,+M,Om,+:::+M,Om, _=M,Om, 


M,+M,+M;+M,+ ἘΜ, Sa 
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The position vector OG so defined gives the position of the mass 
centroid. 

With the points m,,m,,m3,m,4,...m, we could associate scalar 
numbers to represent area, weight, volume etc., and in a similar 
manner find the area centroid, weight centroid (usually called the 
centre of gravity), or the volume centroid. 


Non-collinear vectors 

Definition 

Two vectors are said to be non-collinear vectors when they are not 
parallel to the same line. 

Being free vectors we can arrange them so that their initial 
points coincide and they are then coplanar. Any other vector in 
this plane can be taken to have its initial point starting at their 
point of intersection and can then be expressed as a function of 
the other two uniquely, i.e. in only one possible way. 

LetOA = aand OB = bbetwo 
such non-collinear vectors chosen 
quite arbitrarily and OP = p a 
third vector in their plane. If 
ODPE is a parallelogram p = 
OP = OD+OE = /a+mb where 
/ and m are scalars, positive or 
negative depending on the direc- 
Fig. 38 B tions. a and b are called the BASE 

vectors and /a and mb the com- 
PONENT VECTORS. Now suppose we could express p = sa+¢b. This 
would mean that 


la+mb = 58. -ἰ (Ὁ = (l—s)a = (t—m)b 


But this can only be true if a is parallel to b which is not possible 
by the given conditions so 


l-s=0 and t-m=0 
is the only alternative 
=s=!1 and t=™m. 
Hence 
p is uniquely given by /a+mb. 


We have now shown that in two dimensions any vector can be 
expressed uniquely in terms of two base vectors which are not 
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collinear and is then.said to be linearly dependent on them. We 
say that two non-collinear vectors are sufficient to span two- 
dimensional space, and any third vector in that space can be 
expressed in terms of the two base vectors. We shall show later 
that three non-coplanar vectors span three-dimensional space, 
i.e. any 3-vector can be uniquely expressed in terms of the three 
base-vectors, ie. four 3-vectors in three-dimensional space must 
be linearly dependent. 

Any three vectors in a plane must be linearly dependent vectors. 


If any three coplanar vectors can be expressed in a linear relation 
such as la+mb-+ne = 0 (where |, m and n are not all equal to zero) 
the three vectors are defined as linearly dependent vectors. This 
subject will be dealt with later. 

Having shown something of the power of vector algebra in 
geometrical work, it ought to be made clear that vector methods 
are not advocated for all such problems, only where they illuminate 
the work more closely. 

We now come to another aspect of vectors. The engineer and 
the scientist know very clearly what they mean by a vector quantity 
and we have shown how such quantities can be represented com- 
pletely by displacement vectors or line-segments. The mathemati- 
cian has found that he can represent vectors in a plane by a pair of 
ordered numbers, or vectors in space by a triple of ordered num- 
bers. Many people have come to talk of such vectors as 2-vectors 
or 3-vectors for obvious reasons. One of the great extensions of 
this idea has been the concept of mathematical ‘quantities’ which 
need four or more numbers to specify them completely, a concept 
which has grown rapidly with the wide extension of computer 
facilities to linear programming. It is difficult to visualise a “space” 
of four or more dimensions, and it is impossible to construct a 
physical model of such spaces, but the mathematician not only 
conceives of such spaces, but uses them, calling them hyperspaces 
since they are not real in the physical sense. 

A ‘mathematical quantity’ which requires n ordered numbers to 
specify it completely is called a ‘vector of n dimensions’. The 
vector algebra which concerns itself with more than three dimen- 
sions is called abstract vector algebra of n dimensions. We shall 
limit ourselves to two and three dimensions, in the early part of this 
book. 

Consider the vector AB = p. It is the result of compounding or 
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Fig. 39 


adding vectorially the displacement AM horizontally and MB 
vertically. 

If AM is say 3 units long and MB is 2 units long. Then vector 
AM is 3 times the unit vector horizontally, and vector MB is 2 
times the unit vector vertically. 

So the two numbers 3 and 2 specify the number of unit vectors 
horizontally and vertically which will give the vector AB. 

p = 3&+29 where & and 9 are the unit vectors horizontally and 
vertically. ἃ and § have been called CAP x and CAP y. . 

We can regard 3 and 2 as coefficients necessary to specify the 
vector P in terms of the unit vectors already referred to. 

The algebra of detached coefficients is of course MATRIX 
ALGEBRA.* The detached coefficients can be expressed as a single 
column matrix Β with the usual notation to enclose the matrix. 


2 
Hence the column matrix | 3] specifies the vector AB com- 
pletely. 5 
Sometimes the column matrix is called a column vector. 


We started with a definite vector AB whose horizontal compo- 
nent is 3 unit vectors, whose vertical component is 2 unit vectors. 


Vector a can be represented by ἢ 


3 
Vector b can be represented by - "| 


3 
Vector ¢ can be represented by |" 


-] 
*See A. E. Coulson, /ntroduction to Matrices, Longmans, 1965. 
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Using ἃ and § to represent as before the UNIT VECTORS hori- 
zontally and vertically the following vector equations are true. 


a = 4%+39 
b= —2%+39 
c = 48-9 


Remembering that in vector algebra the LHS and RHS of the 
equations represent vectors, + means the vectorial sum, and the 
— means the vectorial difference already defined, i.e. —2% means 
a horizontal vector of magnitude two units to the left 


Fig. 41 


Suppose the vector p has components 3% and 29 then 
p= 3X+29 
and we can use the column vector | ἡ to represent p. 


2 
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If pis multiplied by the scalar number m then 
mp = m(3X +29) 
= 3mX%+2m9 by the Distribution Law. 


So the column vector representing mp is | which can be 


2m 
shown m Η 


In the figure the triangle CDS has all its sides m times those of 
triangle ABT and it is obvious by similar triangle properties that 
CD(mp) is parallel to AB(p). 

The vector represented by m 1] is therefore parallel to the 


2 
vector represented by Ν and has m times the magnitude. 
: 


Exercise 5. 

1. On squared paper mark the points P (x = 3, y = 4) and Q 
(x = 5, y = 3). If R and # are the unit vectors along the x-axis and 
y-axis respectively and p and q are the position vectors of the 
points P and Q, express p and q in terms of the unit vectors & 
and 9. Express the vector PQ in terms of p and q and hence express 
PQ in terms of ἃ and 9. 

2. Find the position vector of M the mid-point of PQ as given in 
question 1. 

3. Find the position vector of the centroid of the points A(3, 4), 
B(5, 3), and C(7, 8). 

4. Use the position vectors of the points A(2, 3), B(4, 4) and C(6, 5) 
to find AB and BC and hence show that A, B and C are collinear. 
5. If G is the centroid of the triangle ABC prove that 


GA+GB+GC = 0 


6. If O is any point in the plane of triangle ABC show that 
OA+OB+OC = 30G, where G is the centroid of triangle ABC. 
7. Show that the lines joining the midpoints of opposite sides of a 
tetrahedron are concurrent and bisect each other. 
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8. In the figure AB, BC and 
CD represent vectors a, b and 
c. What vectors are represented 
by AC and BD? Give AD as the 
: sum of two vectors and state 
Fig. 42 your conclusions. 

9. In AABC the midpoints of BC, CA and AB are D, E and F 
respectively. O is any point, prove that 


OA+O0OB+OC = OF+0OD+O0E 


(ii) 
Fig. 43 


10. From figure (i) express ¢ in terms of a and b and from figure 
(ii) express EF in terms of a, b and the scalar m. What is the relation 
between [οἱ and |EF|? What conclusions do you draw about the 
lengths and directions of the sides of the two triangles? What is 
the name given to such triangles? 

11. Masses of 2m, 3m and 2m are placed at the points (3, 5) (5, 3) 
and (7,8) respectively. What is the position vector of their centre 
of mass? Give the coordinates of the centroid. 


12. Given points A (1,6) and B (5,3) find the position vector of 
the point D which divides the line AB in the ratio of 2:1. 


Addition of column vectors 

If a = m&+nf and Ὁ = /X+ pf, then a+b = (m+/J&+(n+p)¥ by 
the distribution law so we can represent the sum of a and b by the 
column vector pas simply by the addition of corresponding 


(n+p) 
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elements which agrees with the process of matrix addition 
y 


-ε------- -- m+l -------.--- ν] 
Fig. 44 


The diagram shows the addition of a and b by the usual vector 
method of addition. AC is the sum of a and b. The vector AC has 
horizontal component (m+/)R and vertical component (n+ ΡΥ. 
This shows that the addition of two column vectors gives precisely 
the same end result as the addition of the corresponding vectors 
by the triangle method. 

Once more we see that a purely geometrical process can be 
represented algebraically by the use of column vectors (or column 
matrices). 


Subtraction of column vectors 

We now demonstrate that the subtraction of column vectors gives 

the same result as the geometrical vector process outlined earlier. 
Consider the same two vectors 


a= m&+n9P 
b = ἱκ ᾿Ἐρῦ 
a—b = m&+n9—/R — pf 
= (m—DX+(n—p)§ 
Hence the column vector [ (m—l)] represents a—b 
i = M 


In the diagram the horizontal distance from A to D is (η1-- ἢ 
units, the vertical distance is downwards (with the lengths given 
1.6. —ve and equal to (n—p). 

In the figure a—b = AD. 
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So AD is the difference of a and b, it also has the components 
arrived at by algebraic subtraction of the elements of the column 
vectors. Hence the geometrical process and algebraic processes 
are equivalent. 


Magnitude of a 2-vector 
a 


Fig. 46 


The displacement vector PQ represents the vector quantity a. 
PQ = PN+NQ 
PN = x,% where & is the unit vector in the base direction Ox. 


Similarly ΝΟ = γι ὃ where # is the unit vector in the base direction 
Oy. 


PN is x, units long, NQ is y, units long 
[4] = |PQ| = ./PN?+ NG? 
= ./x?+y?. 
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(The magnitude of a can be established in another manner 
using the scalar product, a concept which will be developed later 
in this book.) 

Since the unit vectors ἃ and # are at right angles to each other 
they constitute a pair of orthogonal base vectors spanning a plane, 
they are more usually denoted by i and j respectively. 


Exercise 6. 

1. Vector a = 6%+89. Find the magnitude of vector a. Express 
the unit vector ἃ in terms of the orthogonal base vectors ἃ and J. 
2. What are the position vectors from the origin (0, 0) of the points 
determined by A (x = 3, y = 4) and B (x = 6, y = 7)? Give the 
vector AB 

(i) in terms of the unit vectors ἃ and 9 

(ii) as a column vector. 

3. The position vectors of points A and B are a = 2%+49 and 
b = 6&+79. The point P has the position vector p = 8&+99. 
Find the vectors AB and AP. Are the points A, B and P collinear? 
4. The vertices of the AABC are A(2, 3), B(4, 5), C(3, 7). Give AB, 
BC and AC in terms of the unit vectors and § and then give 
AB+BC. Find the centroid of the three points A, B and C, giving 
its position vector. 

5. Vector AB has magnitude 5 units and is parallel to vector 
p = 2%+39. Express AB in terms of its component vectors ἃ and J. 
6. Vector r = 3%+29. Find vectors a, b and ς such that a= —r, 
b = 6r and c = —kr. 

7. If a = 2%+39 and b = 38 --2Ὁ, find the unit vectors parallel 
to a+b, a—b, and 2a+ 3b. 


Linearly independent vectors 
If a and b are non-parallel vectors in a plane then ma+nb τεῦ 
only ifm =n = 0. 
For suppose that m is not equal to zero then 
—nb 
m 


but this implies that a is parallel to b which is contrary to the given 
condition. It must follow then that n = 0 and so m = 0 also. 
Two vectors which cannot be expressed in the relation ma+nb = 
0 unless m = n = 0 are said to be linearly independent. If m and n 
can have non-zero values in the relation ma+nb = 0, then it 
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follows that vectors a and b must be parallel vectors and the one 
can always be expressed in terms of the other; in this case the two 
vectors are said to be linearly dependent. 


If a, b and ¢ are three non-parallel vectors in a plane, then any 
one vector, say a can always be expressed in terms of the other 
two vectors b and c. 


N 


Fig. 47 


If OB represents vector b let OM represent mb. From the 
terminal point M let MN be drawn to represent ne, then ON is 
the resultant d and d = mb+ne. So for all non-zero values of b 
and ¢ the resultant d can be made parallel to any direction in the 
plane by using suitable values of the scalars m and n as long as 
both m and n are not zero. Hence d can be made parallel to a. With 
suitable values of m and n then, 


d = /a where ἰ is a scalar. 
But d = mb+ne 

la = mb+ne 

or, 

la—mb—ne = 0. 


Since |, m and n can take positive or negative values this relation is 
more usually written 


la+mb+ne = 0 


where /, m and n are not all zero. 

Since any one vector can be expressed in terms of the other two, 
they are said to be linearly dependent. Two non-parallel vectors 
in a plane have been shown to be linearly independent, now we 
have shown that three non-parallel vectors in a plane are linearly 
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dependent. This means that two non-parallel vectors are sufficient 


to span two-dimensional space. 


Example 
if a= 1] Β.-- | ς |] express ¢ in terms of a and b. 


4 6 8 
Let c = ma+nb 


7] = m3 )]+nf5 
bet lak be 
=| 3m |+{[ Sn 

fal a 
= | 3m+5n 
pied 
Since we are dealing with 2-vectors we can extract two pieces of 
information from the vector equation that the column vector 4} 


8 
is equal to the column vector “ie 


4m + 6n 
3m+5n = 7 
4m+6n = 8 
and m = —1, n =2 satisfies this pair of simultaneous equations. 


We conclude therefore that 
c = —la+2b. 


In a similar manner we could express a or b in terms of the other 
two vectors. The three vectors are linearly dependent. 


In the previous example the vectors were given in column vector 
form. We now work an example in component form. 


Example 
If s= 2%+39 and t = 3R+49 find a vector w such that 


w = 4s—2t. 

w = 4(2%+ 39) —2(3%+ 49) 
= 83 —6R+ 129 —89 
= 28+ 49 
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Exercise 7. 


l. Kan A b= 5 δ τὰ | express a in terms of b and ec. 
2 6 8 


2. If p = 45X+69 and q = 10&+ 129, find a vector r such that 
r = 3p—2q. 
3. If ms+nt = 3w find the scalars m and n such that 


t+ a pee 


4. The vectors a, b and ¢ have the magnitudes and directions 
shown in the following diagram 


Fig. 48 


Show by a geometrical diagram how the vector ¢ can be expressed 
as linearly dependent on the vectors a and b. (Hint: use the direc- 
tions of a and b as base directions and a and b as base vectors.) 


Chapter 4 , 
Multiplication of vectors 


Development of the concept of multiplication of two vectors 

Different kinds of vector quantities can be represented by dis- 
placement vectors. The operations carried out with these displace- 
ment vectors represent also the operations that take place with all 
these different kinds of vector quantities. So far the operations 
with which we have dealt have been the addition of the same kind 
of vectors and the multiplication of a vector quantity by a scalar; 
in each of our operations it must be emphasised that only the same 
kind of vector quantities can be added, the addition of a force 
vector to a velocity vector is not defined and has no meaning. At 
the end of the eighteenth century and the beginning of the nine- 
teenth century, physicists, engineers and mathematicians were 
making great discoveries about vector quantities but the very word 
VECTOR had not yet been invented by Sit William Hamilton. The 
engineers like James Watt who introduced the term ‘horsepower’ 
had found that by multiplying the magnitude of the force overcome, 
by the distance through which the point of application of the force 
had moved gave a scalar quantity which they called WORK DONE. 
In 1820, Ampére made his famous discovery that a conductor 
carrying an electric current in a magnetic field was acted upon by 
a mechanical force at right angles to the geometrical plane con- 
taining the electric current and the magnetic field. In 1831, after 
six years of experiment, Michael Faraday discovered the converse 
effect, namely that a conductor moving at right angles to a magnetic 
field has an electric current induced in it and in a direction at 
right angles to the geometrical plane containing the magnetic 
field and the motion. These were great discoveries but it was not 
until 1843 that Sir W. R. Hamilton presented to the Royal Irish 
Academy a mathematical treatment, which he published in 1853. 
In 1844, H. G. Grassmann published a treatment called the 
Ausdehnungslehre (the Theory of Extensions) which included most 
of Hamilton’s ideas and extended them much further, but from 
quite independent work. For the first time mathematicians 
recognised in these two works vector quantities as such, and it was 
Hamilton who first used the word VECTOR in its present meaning 
(derived from the Latin verb vehere, to carry) but he used the term 
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in connection with the quaternions which he had invented; to 
him a vector was part of a quaternion which was composed of a 
SCALAR and a VECTOR part. For some years following 1853 
mathematicians tried enthusiastically to employ quaternions in 
science and engineering, but they made little headway, finding 
they were useful only in a very limited field. Concurrently with 
these developments, brilliant mathematicians were making re- 
markable advances in the applications of algebra to new fields: 
the algebra of classes (Boolean algebra), matrix algebra, Group 
theory and Complex Numbers. It is only in our own lifetime that 
the importance of these nineteenth-century discoveries is being 
realised, a process hastened stupendously by the development of 
the COMPUTER since 1947. The classical algebra of the pre- 
nineteenth-century period is correctly called number algebra to 
distinguish it from the various modern varieties. In this traditional 
algebra, a symbol such as ‘x’ always represented a number, but 
in modern algebras a symbol could represent a set of objects, a 
CLASS of statements, a Matrix, a Group, or a Complex Number 
etc. Towards the end of the nineteenth century, Professor J. W. 
Gibbs of Yale and O. Heaviside in England, working independently, 
developed an algebra of vectors which was largely adapted from 
the work of Hamilton on quaternions and Grassmann’s Aus- 
dehnungslehre. Heaviside first suggested the use of bold type as the 
algebraic symbol to represent vector quantities and the normal 
Roman type to represent scalars. In typing or writing we cannot 
imitate bold type so the vector symbols are shown by underlining. 
An Italian school of mathematicians also developed an algebra of 
vectors, and some of the symbols they used are still in use, but less 
frequently now. 

The work of Watt, Ampére and Faraday had shown that although 
the addition of two different kinds of vectors had no physical 
meaning, they could interact in such a way that the process of 
multiplication is involved. 

When the two different vectors were acting in the same direction 
a scalar quantity was produced, but when they acted at right angles 
they produced another vector quantity. 

_ In both these physical processes, ‘multiplication’ is involved, 
but it is a new sort of combination of different kinds of vector 
quantities which we call ‘multiplication’ because of the similarity 
of its results to those of multiplication in number algebra. So in 
vector algebra two kinds of multiplications are encountered and 
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to be meaningful the mathematical processes used must produce 
results which are in accordance with known physical processes. 
In the next section we shall try to illustrate how algebraic mul- 
tiplication and vector multiplications are related, but first we must 
show the discoveries of Ampére and Faraday in relation to vectors 
of electrical and magnetic nature. 

In 1819 Professor Oersted of Copenhagen discovered that a 
conductor carrying an electric current is surrounded by a magnetic 
field; at any point in this field a magnetic force acted on a magnetic 
pole, and this is a vector field. Oersted showed that a wire carrying 
an electric current placed over and parallel to a magnetic compass 
needle caused a deflection of the needle; reversing the current 
caused the reversal of the deflection; he showed that this was due 
to the magnetic field round the conductor which is illustrated 
in Fig. 49; the direction of the lines of magnetic force show the 


Current Current 
Fig. 49 


direction in which a free north pole would tend to move if placed 
in that field, if the electric current is constant then the magnetic 
field remains in a steady state. 

Then in 1820 Ampére made his famous discovery of the force 
acting on a current-carrying conductor placed in a magnetic field. 
This can be shown quite simply by passing an electric current along 
a wire placed between the poles of a magnet as in the diagram. 


O - 
Current 


Fig. 50 Force causing Motion 
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Ampére found that if a current flows in the direction from 
O to P, then the wire is deflected outwards in a direction at right 
angles to the magnetic field and to the current. This is shown 
diagrammatically below: 

Magnetic Field 


Current 


Force Motion 
Fig. 51 


If the magnetic force vector and the current vector are in the 
plane of this page then the force vector causing the deflection of 
the wire would be acting outwards and perpendicular to the plane 
of the paper. 

Had the current been passed from P to O, i.e. reversed in direc- 
tion, then the wire would have been deflected inwards towards 
the centre of the magnet; this is shown below: 

Magnetic 
Field 


Force(Motion) 


Current 
Fig. 52 


Ampére’s discovery can be remembered by the application of 


FLEMING’S LEFT-HAND RULE: 
First Finger_. Magnetic Field 


thuMb } Motion a 


SeCond fia 


Current 
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If the letters in capitals are emphasised they form an easy aid to 
memory and the three fingers so held indicate three directions 
mutually perpendicular to each other. Whenever the action of an 
electric current through a conductor acts on a magnetic field to 
produce motion, then Fleming’s left-hand rule is applicable. 

In 1831 Michael Faraday discovered the converse effect namely 
that if a conductor is moved across, i.e. at right angles to, a mag- 
netic field, then an electric current is induced in the conductor. 
This can be demonstrated in the laboratory by using the arrange- 
ment of diagram (54). 


Motion (or 
Velocity) 


Induced Current 


In Faraday’s experiment the velocity vector of the conductor 
across the magnetic field vector produced an electric current in the 
conductor as shown. We can show this diagrammatically : 


Magnetic 
Field Motion 
Induced 
Current 
Fig. 55 


In this diagram, if the magnetic field vector and the velocity 
vector are in a plane perpendicular to the plane of this paper then 
the induced current lies in the plane of the paper and at right angles 
to the other two vectors. Had the motion been reversed then the 
induced current would have been reversed also: 
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Fig. 56 


If the conductor OP is moved rapidly away from the centre of 
the horseshoe magnet, ie. at right angles to the direction of the 
magnetic field, then a current induced flows in the direction shown 
from P to O. The moment the motion ceases then the current 
ceases. 

Referring to the diagram it is seen once more that the three 
vectors, the magnetic force, the velocity and electric current are 
mutually at right angles to each other. In this case we can also 
consider that the electric current vector is at right angles to the 
plane containing the other two vectors. 

When motion of a conductor in a magnetic field produces an 
electric current then Fleming’s RIGHT-HAND rule is applicable. 
This rule is similar to the left hand rule, the thuMb represents the 
Motion, the First Finger represents the Field of Force and the 
seCond finger the Current but the right hand is used instead of the 
left: 

Field of Motion 


Force PS 


Current << 


Fig. 57 
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Magnetic 
Field 


Induced Current 


Motion 
Fig. 58 


These discoveries of Ampére and Faraday were discoveries of 
the fundamental properties of vector quantities and can be repeated 
in any laboratory with the aid of a horseshoe magnet, a length of 
copper wire and a sensitive galvanometer (for most purposes a 
milliammeter serves excellently). Ampére showed also that the 
magnitude of the third vector produced was equal to the product 
of the magnitudes of the two vectors which generated it. Faraday 
found the same result. Some years earlier it had been shown that 
the magnitude of the scalar quantity work done was also equal to 
the product of the magnitudes of the force overcome and the 
displacement vector in the same direction. 

So by 1831, although vectors were not defined until 1844, 
mathematicians had been shown by the engineers and physicists 
that the product of two vectors in the same direction was a scalar 
quantity and that the product of two vectors at right angles to 
each other was a vector quantity in a direction at right angles to 
the plane containing the first two vectors. By 1844, Hamilton and 
Grassmann had produced a mathematical treatment of vectors, 
in the case of Hamilton limited to vectors in three dimensions, 
but Grassmann’s treatment was general and not limited to three 
dimensions only. However, the methods used by Hamilton and 
Grassmann did not become very acceptable to scientists or 
engineers and in 1881, Professor Willard Gibbs adapted those 
parts of the methods of both Hamilton and Grassmann which 
were acceptable and laid the foundations of vector algebra; 
Heaviside working independently in England had produced a 
similar treatment. 
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Multiplication of vectors* 

Consider two vectors a and b of different kinds, and in the plane 
containing them choose two base axes at right angles. Let vector 
a make an angle of ¢, with the x-axis and vector Ὁ an angle ¢, 
also with the x-axis: 


y 


Fig. 59 

The vector a can be expressed in terms of its component vectors 
along the x and y axes 

a = [8] cos P,X, +|a| sin b, 9, 

Similarly vector b can be expressed but the unit vectors must be 


distinguished from those used for vector a since they are different 
kinds of vectors 


b = |b| cos PX, +|b| sin 29. 
Assuming that we can multiply vector a by vector b we have 
ab = (|a| cos $,X, +|al sin ,9,)(|b| cos 2X, +|b sin 292) 
= |al |b] cos φ, cos PX ,X, +|al |b| sin P, sin 29,92 
+|al |b] cos @, sin 62%, 92 + |al|b| sin ᾧ, cos P29, RX, 


Since X, and &,, §, and ἣν are unit vectors in the same direction, 
the products &%,X, and 9,9, can be assumed to be unit scalar 
quantities from the results of experimental work. But since &,), 


and §,%, are the products of two vectors which are right angles, 


experimental work shows that in these cases the products are unit 


* See: pp. 80, 81 and 82. Mathematical Association, A second report on the teaching 
of mechanics in schools. Bell, 1965. 
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vectors at right angles to the plane containing the unit vectors 
ἃ. X,9, and §,, but $,%, will be opposite in direction to &,), 
as indicated in the experiments. We can now write for ab 


= (al |b| cos d, cos 2 +|al|b| sin ¢, sin @2) 
+(lal |b| cos Φ, sin p22 +|al |b sin 6, cos φ γἱ —2}) 
= |a||b|(cos @,; cos #2 Ὁ βίη Φ, sin P2) 
+ |al|b|(cos @, sin d, —sin d, cos φ)2 
= [al |b| cos(d, — @,) + |al |b] sin(d, — Φ.)2 
But (φ: -- φ 4) = angle between a and b, call it 0, hence 
ab = |al|b| cos 0+ |al Ὁ] sin 02 


The first part of this product is a scalar quantity and the second 
part is a vector quantity at right angles to the plane containing 
vectors a and b. 

It has become standard practice to distinguish between the 
scalar part of the product and the vector part, by calling the scalar 
part the pot product of the two vectors and the vector part the 
CROsSs product. This is shown 


ἃ. Ὁ = |al|b| cos 0 (0 is the angle between a and b) 


aX b = |a||b| sin θᾶ (where ἃ is the unit vector perpendicular to the 
plane containing a and b) 


Sometimes the vector product is denoted a/b instead of axb 
and for some purposes the pot product is often called the INNER 
product. 

Now in the preceding treatment, at the commencement we 
multiplied vector a by vector b in that order, and we considered 
angles measured in a positive direction from Ox so that the angle θ 
is also measured in the positive direction from vector a. If however 
we multiplied vector b by vector a still measuring the angles ¢, 
and @, from the direction Ox, then the angle 0, would be measured 
in the negative direction, 1.6. 0, = (Φ, -- φ2) = —(¢2.—9¢,) = --θ 
and the sine of a negative angle is opposite in sign to the sine of a 
positive angle => sin(—0@) = —sin θ and it follows that 
bx a = |b||alsin(—@)@ Since a and b are scalars we can write 


—|a\|b| sin θὰ —‘|DI lal = |al|b| 
—axb 
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Thus the cross product is a non-commutative multiplication since 
bxa= —axb. 


This consideration of the sign of the cross product can be ap- 
proached another way. In all our mathematics where the three 
axes of reference are used, Ox, Oy, Oz, it has become standard 
practice to use a right-handed system of coordinates. 


The right-handed system of coordinates 

If as in Figure 60 the right hand is put with the palm facing up- 
ward, the third and fourth fingers are closed and the second 
finger is held at right angles to the palm, then the thumb is taken 
to point in the direction Ox, the first (or index) finger points in the 
direction Oy and the second finger points in the direction Oz. 
This is shown in the following diagram: 


z 
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Referring to diagram 60 if Ox and Oy are intended to be in the 
plane of the paper then Oz is intended to point vertically upwards 
out of the plane of Ox and Oy. This agrees with experiment for if a 
vector acting along Ox is multiplied by a vector acting along Oy 
then the vector (or cross) product would be a vector acting in the 
direction Oz. It will be remembered that Ampére found that a 
current vector acting along Ox, in a magnetic field acting along 
Oy suffered a force vector in the direction Oz. Ampére also found 
that if the direction of the current was reversed then the force 
vector acted along Oz in the opposite direction, i.e. in a negative 
direction to the original force. This is shown in the next diagram. 


Y 
Field 
Current 
Χ 
O Ox and Oy lie in the plane of 
the page and Oy points down- 
wards through the back of the 
page. 
Force 
3 
Fig. 61 


But if the thumb of the right hand points in the new direction 
of the current and the index finger in the same direction of the 
field this can only be done if the right hand is now held palm 
downwards, with the second finger pointing downwards. This 
means that if we are to standardise on a right-handed system of 
coordinates, multiplication of vector a by vector b results in a 
vector having the direction in which a right handed screw would 
move if turned in the direction from a to b. Hence once again this 
means that axb = —bxa. In practice the idea of the movement 
of the common wood screw is one of the simplest methods of 
deciding on the direction of the cross product. The next diagrams 
illustrate this idea. In both cases the vector c is at right angles to 
the shaded plane containing the vectors a and b. 

In coordinate geometry of three dimensions, analytical geometry 
and in all other branches of mathematics the right handed system 
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es 


bxa=-c 


is in general use and the idea of positive and negative directions 
included to give a system which we now illustrate. 


z 
ὃ ὁ 
βρτοῖνου το ΡΝ 
“ΠῚ - 
΄ 
΄ | 
i 
τ ᾿ 
ΨΖΦ I 
ig 
Fig. 63 
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Scalar product of two vectors 


Multiplication of vectors 
In the early part of this book the multiplication of a vector by a 
scalar was shown geometrically and algebraically; the process was 
indicated in vector algebra by putting the scalar number in front 
of the vector symbol. The multiplication of vector a by scalar m 
is shown ma, no special sign being used to indicate the process, 
We now know that the algebraic multiplication of two vectors in 
component form results in a product of two parts—one part is a 
scalar and the other part is a vector. The extraction of the scalar 
part is called scalar multiplication, and is denoted by a dot; the 
extraction of the vector part is called vector multiplication and is 
denoted by the x or A sign. Scalar multiplication is often spoken 
of as DOT multiplication and vector multiplication as CROSS 
multiplication. 

Vector multiplication involves a vector at right angles to the 
plane of the vectors which are being multiplied. The process takes 
place in three dimensions so vector multiplication will be dealt with 
after vectors in three dimensions have been studied. 


The projection of a vector 


(ii) 


OB represents vector b making an angle @ with the direction of 
vector a represented by OA. BP is perpendicular to the direction 
OA. 

The length OP is defined as the PROJECTION of vector b on 
vector a. The projection of one vector on another is by definition 
ἃ SCALAR. (If OP has the direction shown in figure (ii) then the 
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length OP is multiplied by —1.) It is clear that OB = OP+PB 
and the vectors OP and PB are called the component vectors of 
OB and the scalar |OP| is also called the COMPONENT of vector b 
in the direction a. Since any vector in the direction of OA can be 
represented by ka where k is the magnitude of the vector and 4 is 
the unit vector in the direction of a, it follows that the vector OP 
of magnitude [ΟΡ] and direction OA can be represented by |OP|a. 
As OP is the projection of b on the direction OA then |OP| = |b| 
cos θ and OP = |b| cos 64. 


The scalar (or dot) product 


Definition 
If the length of the projection of 
vector b on vector a is denoted 
by |b,|, then the SCALAR PRODUCT 
of the two vectors a and b, 
a.b = |al|b,|. 

If @ is the angle between the 
vectors then |b,| = |b] cos θ. 
Fig. 65 Hence a. b = |al|b,| 


= |al|bl cos 0 


When a force acts on a body and there is a displacement then 
the point of application of the force moves and work is said to be 
done. Work done is a scalar quantity, it has no sense or direction 
and is an idea developed at the beginning of the nineteenth century 
to enable engineers to show how their steam engines could be 
used instead of horses for pumping water from pits. 


Fig. 66 


If the force p acts at an angle θ to the displacement vector y then 


_ the work done in the direction of the displacement = |y||p| cos 0 


because |p|cos@ is the magnitude of the force in the effective 
direction. This formula for work done is therefore the same as the 
scalar product, ie. work done = y.p, but whereas work done only 
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applies to the particular vectors p and v, the scalar product applies 
to all vectors. 


If two vectors are perpendicular then cos90° = 0 and the 
scalar product must be zero—this can be used as a test for perpen- 
dicularity. 

If two vectors are equal then 
ἃ..8 -Ξ- [8] [4] οοβ 05 and because cos @ = 1 since θ = 0° in this case 


= |al al. 1 


a.a = a’ by definition = [42 


Consider again the scalar product a.b 


a.b = |[allb|cos@...... These are all scalar quantities 
=> a.b = |b\lal cos θ 
=b.a => The scalar product is commutative. 
Notice that na. b = |nal|b| cos 0 
= |a||nb| cos 0 


= a.nb = n(a.b) 


Fig. 67 


If a, b and ς are three coplanar vectors (2-vectors) then by definition 
the scalar product of vector (a+b) and ς, is [ΟΡ] [οἱ but 
|OP| = |ON| +|NP| 
=> |c| |OP| = |el[]ON|+|NP|] since |ON| is the projection ofa one 

= |e| |ON|+\c| |NP| and |NP| is the projection of b onc 
c. (a+b) = |ella,|+|e||b,| 

=c.a+c.b 

i.e. the scalar product is distributive. 
By extension, ifc = 1+m 


(l+m)(a+b) = (1 -Ὲ πὶ). 8 -Ὸ (1 -Ἐ πὶ). Ὁ 
=l.a+m.a+Il.b+m.b 
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We have now shown that the scalar product is commutative and 
distributive. 


The inner product and the scalar product 
If vector a is given in row vector form |x,,y,] i.e. a row matrix, 
and vector b is also givenNin column vector form πῇ then, in 


. τ᾿ . . y2 
matrix algebra, multiplication of two such matrices gives the inner 


product (x,;X.+);)y2). 
We shall now show that the inner product so defined is equiva- 
lent to the scalar product of the two vectors as previously defined. 


δι 


Fig. 68 


OP and PQ represents the coplanar vectors a and b of components 
X, y, and X2, y2. 


In the diagram x, = |alcos¢, γι = |alsing 
Χγ = [8] οοβ (θ- φΦ), yz = [Ὁ] sin(@+¢) 
ΞΡ X1X2+Yi V2 = [al cos Φ |b| cos (0+ Φ) - [4] sin θ |b| sin (0 + φ) 
= |al|b| cos (0+ ) cos d+ |a||b] sin (0+ Φ) sin 
= |a||b|{cos (0+ @) cos $+sin (0+) sin d} 
= |a||b| {cos (0+ φ -- Φ)} 
= |a||b| cos 0 
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but this is the scalar product as defined on page 64. In matrix 
algebra the product (x;x2+ 12) is also called the scalar product 
(sometimes the inner product). 


We have now shown the ISOMORPHISM between 2-vectors and 
ordered couples of real numbers. 


Laws for scalar Product 

On page 25 the laws of vector algebra, established for the addition 
of vectors, were summarised. We can now add laws of vector 
algebra for scalar Product. 

1. Scalar Product is commutative 


a.b=b.a 
2. c. (a+b) = c.a+c.b Distributive Law 


3. (c+d). (a+b) = (a+b)(c+d) 
=a.c+b.c+a.d+b.d 
4. na. b = a. nb = n(a.b) 


5. If a.b = 0 and a and b are not null vectors, then a and Ὁ are 
perpendicular to each other. 

The scalar (or dot) product has many applications in geometry 
and we shall now illustrate its value as an alternative method of 
establishing some well known metrical results. 

In using the result a. b = |a||b| cos θ it must be clear that 0 will 
be limited to positive angles and 0 < 0 < π. 

The Laws of Vector Algebra for scalar products correspond 
exactly with the Laws of Number Algebra, if we remember the 
special meanings we give to the symbols. 

We can use the scalar (or dot) product to deduce a number of 
well known elementary theorems. 


Theorem of Pythagoras 


In the right angled triangle 
vector a is perpendicular to 
vector b hence 


a.b = |allbl cos θ = 0 


(since cos 90° = 0). 
By definition of vector addi- 
tion ¢ = a+b, using the scalar 
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products of equal vectors on themselves 
=>c.c = (a+b). (a+b) 

=> [ο]2 = a.at+a.b+b.a+b.b 

=> |e|? = |al?+0+0+ |b)? 

=> AC’ = AB?+BC? 


If ¢ is the unit vector |a| = sin θ. [8] = cos 0 from earlier definition, 
i.e. 

cos* 0+sin? @ =1 

from the earlier definition of cos θ and sin @. 


Cosine rule for a triangle ABC 


Fig. 70 


Since b = a+ce 
c=b-a 
c.¢ = (b—a).(b—a) 
= b.b—a.b—b.a+a.a 
= b.b+a.a—2a.b 
|c|* = |b]? +a? —2 [4] [8] cos 0 
AB? = CA?+CB?—2CB.CA.cos@ 


Apollonius’ Theorem 


In AABM 


, , lal? 
=> |c|? = [πὶ] ἐπ ΑἹ lm| cos θ 
In AAMC 


a 
b= πιττ - 


whem μὴ ὩΣ 


a δ δ: 5.8 
=m mts 9.5 —— 


2 
|b|? = imi? ++ aon cos 8 


Adding (1) and (2) 
2 

a 
[b|? + |e]? = 2|m|? = 


BC? 
=> AC? +AB? = 2AM? ἘΠ 


Exercise 8. 
& Cc 
b 
A a D 
Fig. 72 
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(1) 


(2) 


1. Show that the diagonals of a 
rhombus are perpendicular to 
each other. 

Using the figure shown express 
DB and AC in terms of a and b, 
then use the scalar product of 
AC . DB. 
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Chapter 6 
Vectors in three dimensions (3-vectors) 


Our work so far has been confined to vectors in two dimensions 

but since so many applications of vectors in engineering, science 

Fig. 73 and electrical technology require a three-dimensional treatment, 
this must now be introduced. 


In the quadrilateral ABCD prove that AC.BD = AB. CD+ 


BC. AD. (Hint: 
pig : ' int: use the vectors a, b, ς and ἃ as shown. Note that 


The addition and subtraction of three-dimensional vectors 
follows similar treatment for 2-vectors with algebraic results 
which appear to be identical in form and structure. 


Algebra is a BINARY operation, i.e. two quantities are involved 
in the operations defined; so the processes of addition, subtraction 
and multiplication are binary operations (subtraction being 
defined so that it also becomes a process of addition). 


In order to deal with three-dimensional space, three base 
directions (not coplanar) must be defined and it has been found 
convenient to use a system of orthogonal axes which are right- 


3. If the quadrilateral ABCD of 
uest 
the result reduces to AC. BD = Ἢ CD+ cant =“ 


4, Use the scalar product t 
O prove that the endicular bi 
of the sides of a triangle are concurrent. sie: eed: 


handed. 
᾿ς 
x 
ἘῸΝ 
ον 
a χε y 
| y 
τ 
| 2 
| χ 
! χ 
Fig. 74 


The three axes shown are called a right-handed system because 
if we imagine a right-handed wood screw being held so that it is 
pointed along the direction Oz then on being turned from Ox round 
towards Oy it would travel in the direction of Oz. 

The dotted portions show the negative directions of the axes. 
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This convention will be used th 
roughout whenever the 
use coordinate axes arises. a 
If two vectors are equal they have the same magnitude and the 
same direction (direction here meaning orientation in space and 
sense), the point of application is not important and often not 
meaningful so that if we wish to add two 3-vectors a and b we 


proceed to define addition in a similar ma 
et nner to 
definition. egg 


R 


Ο 


Fig. 75 


If the displacement PQ represents vector quantity a and dis- 
placement OR represents vector quantity b, then by localizing the 
vectors at ΡΌ and QR’ the addition is defined as the displace- 
ment P’R’. A pair of concurrent straight lines define a plane hence 
εν sum of a and b is coplanar with them. 

nspection will show that P’S’ drawn 

In equal and parallel to 
pour cal b and S'R’ being the side of the parallelogram 

nls to P’Q’ must represent a also in magnitude and 

Hence a+b = b+a. (Commutative law of addition.) 

a definition of a negative vector on pages 10 and 25 applies 
equ ly to a 3-vector, ie. a+(—a) = 0. Hence it follows that the 
solution of the vector equation for 3-vectors, 


a+x=0 
is 
x= -a 


, If two vectors are equal then it means that the vectors are equal 
in magnitude, are parallel, and have the same sense: but if we are 
given a= - then the vectors are equal in magnitude have the 
same orientation, 1.6. parallel but are opposite in sense. (Once 
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more the student is reminded that equality between vector quanti- 
ties implies that they are of the same nature.) 


Addition of three non-coplanar vectors a, b, c. 


Fig. 76 


If OP represents vector a, then using starting point P PQ is 
drawn equal and parallel to vector b, PQ represents b. Similarly 
by drawing QR, from the terminal point Q of vector b, equal and 
parallel to vector ¢ then QR represents vector c. OQ represents 
a+b and PR represents b+c 


OR = OQ+c = (a+b)+e 
But 

OR = OP+PR = a+(b+c) 
Hence 

(4. Ἐ 8) Ἐς = a+(b+¢) 


The multiplication of a vector quantity by a scalar number, 
treated on pages 16 to 19 is equally valid for 3-vectors as for 
2-vectors and the Laws of Vector Algebra stated on page 25 will 
therefore remain valid in this extension to three dimensions. 

The development of vector algebra received its main urge from 
the demands of physicists and engineers; mathematicians were 
slow to appreciate the power of this branch of mathematics. 
During the nineteenth century, the methods developed were 
mainly those which were of the greatest use to the practical worker 
in the applications of the subject at a high level. Where these 
methods are valuable they are being retained but as subsidiary 
methods in the general development of an algebra of vectors. In 
the treatment of 3-vectors algebraic methods are so valuable that 
they are universally adopted. Just as 2-vectors need two orthogonal 
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base vectors for an algebraic treatment, so 3-vectors need three 
orthogonal base vectors. The advantages of using orthogonal 
bases are so obvious in most of our work that other bases are often 
neglected. 


Fig. 77 


Consider vector a in three dimensions and vectors P. 4 andr 
which are non-coplanar in the directions shown. Complete the 
parallelepiped KLMNSTVO 


OK = OL+LK and 
OL = OV+VL 
OK = OV+VL+LK. 


But vector OV is parallel to vector Ρ 


=> OV = jp 
VL is parallel to vector q 
VL = pq 


and similarly 

LK is parallel to vector xf 

LK = yr 

Vector a can now be put into its component vectors 
a = OK = Ap+yuq+yr 


where 4, 4 and » are pure numbers, i.e. scalars. 
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Since only one parallelepiped can be constructed on the diagonal 
OK with sides parallel to the base vectors, then the representation 
of vector a in terms of p, q and r must be unique. 

It follows that any four vectors in a space of three dimensions 
must be linearly dependent vectors just as it was shown earlier 
that any three vectors in a plane must also be linearly dependent. 

The vector a has been expressed in terms of the three base 
vectors p, q and r. It is obvious that to have three arbitrary vectors 
in varying directions would present many problems, and for the 
sake of uniformity a standard group of base vectors would need 
to be defined. Since the three orthogonal right-handed system of 
axes has already become standard in mathematics, physics, engin- 
eering and so on, it is obvious that vector algebra would become 
more applicable on the same standards. 

Now consider the same vector a as before but on a right handed 


orthogonal base. 


Fig. 78 


The parallelepiped has now become a cuboid giving ease of 
calculation 


a = OA = OB+BA 
= (OC+CB)+BA 
= 0C+0G+O0E 
= 0G+0C+OE 
= xX, X%+y,9+2,2 
Having adopted the standard right handed system of axes for 
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general work the unit vectors ἃ, Κὶ and 2 are given special symbols, 
R is replaced by i, ? by j and 2 by k 
50 now we can express a as x,i+ y,j+z,k 


a= x,i+y,j+z,k 
X14, V1, Z,, are the magnitudes of the three components along the 
three base directions. 


The three unit vectors 


z 


x 


Fig. 79 


The three unit vectors i, j and k have unit magnitude. In the 
diagram OA represents i and length of OA = 1 unit. OB and OC 
represent j and k. Similarly, length of OB = | 
te unit and length of OC = | unit. A is the point 

(1, 0, 0), B is (0, 1, 0) and C is (0, 0, 1). 
The three unit base orthogonal vectors form 
a right handed triple in the order i, j, k. This is 
shown by the motion of the wood screw. Any 
vector along the direction of i that is along Ox 
can be represented as Ki. If the length of the 
vector along Ox is x,, then the vector is x,i. 
i gt Similarly vectors along Oy and Oz can be 
represented as y,j and z,k if y, and z, are their 

Fig. 80 magnitudes. 
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Since we are dealing with free vectors the starting point of the 
vector displacement can be located at any point, not necessarily 
their origin. 


If PQ represents the vector a, from P draw three axes parallel 
to Ox, Oy and Oz. PN is L* to plane xy. QM is also L* to plane 
xy and PT is L* to QM. 

For the axes with origin at P, x,, γι and z, are the components 
of PQ on the x, y and z axes originating at P. 

For the axes origin at O, x,, γι and z,, will still be the compo- 
nents of PQ in these x, y and z axes, since the vectors are free 
vectors and a vector equal to PQ having its starting point at O 
would have the same components on the axes through O as PQ 
has in the axes through P. Hence: 


= X,i+y,j+2z,k 
Vector joining two points in space 
In Figure 82 the coordinates of S are 
Xs = OB = 2; ys = OA = 2; z, = SP = 3 
and the coordinates of T are 
Χ = OC = 4; yy = OD = 5; 27 = TQ =6 
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Fig. 82 


Component of ST in direction Ox = BC = 4-2 = 2 


» et. ae = 
»» i ¥ 
In component form 
ST = 2i+3j+3k 


Magnitude of ST 


ST* = TG?+SG? using the Theorem of Pythagoras 


= PQ?+TG? 

= QR*+PR?+TG? 
= CB? +AD?+ EF? 
— 2? + 374 32 

ἐπ 22 


IST| = "(22 
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Oy = AD = 5-2 =3 
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Later another method of finding |ST| will be developed. It is 
seen that [57] = ./sum of the squares of the components and later 
this will be demonstrated again using the scalar product. 

Putting ST = a then this can be restated using the unit vector 
parallel to ST as 


a -- [].ἃ --. (22. ἃ 

giving 

ce eg ὦ 
ΝΣ. /22 ./22_ ./22 


showing this unit vector 4 with its initial point at the origin on the 
diagram is OU, then the cosines of the angles made by OU with 
the base directions are called the Direction Cosines of vector ST. 

Since the unit vector has unit length the direction cosines are 
the components of the unit vector in the base directions: 


i.e. cos |UOB = or = = se 
3, /22 


3 
cos |UOA = —= or —— 
«/ 22 22 


cos |UO “= or = 


Since ST is parallel to OU then these are also the direction cosines 
of the vector ST 


Representation by components in column matrix form 

This means that a 3-vector in space could be specified com- 
pletely by the three components in a column matrix (or column 
vector) | xX; 


Vi 
21 


The addition of two vectors a and b could be carried out by the 
method on page 44 by the addition of the components, i.e. the 
elements of the column matrix. 
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Ifa= {x,| and b= [χ; 
γι. y2 
Z1 Za 
Then a+b = |(x,+x,) 
(yi +2) 
(2; +22) 


This is shown in the diagram below OP+PQ = 0Q 


Fig. 83 


It is seen that a—b = [(x, —x,) 


(v1 — Y2) 
(Ζ; -- 22) 
Vi —J2 
2; --Ζ2) 


Chapter 6 

Representation in component vector form 

a= X,i+ y,j+z,k 

b= X2i+ y2j+ zk 
a+b = x,i+y,j+2z,k+~x,i+ y.j+z.k 

= (xX, +X2)i+(¥1 + y2)j+(21+22)k 

and 
a—b = (x, —x2)i+(v1 —y2)j+(21 —22)k 
Multiplication of a 3-vector by a scalar 
If a = x,i+y,j+z,k and m is a scalar then 
ma = mx,i+my,j+mz,k 


or in matrix form 


ma = ΠΙΧῚ ΞΞ XxX; 
my. yi 
mz Ζ 


The laws of vector algebra for addition and scalar multiplication 
of 2-vectors on page 25 are equally true for 3-vectors, and can be 
verified in a similar manner. 


Scalar or dot products of the base vectors i, j, and k 


zx 


81 


An Introduction to Vectors 


i. i τε {|| cos 0° = fil? = 1 
j-j = |jllj|cos0° = jj? = 1 

k .k = |k||k| cos 0° = |k|? = 1 
i.j = lil .|j| cos 90° = 0 


Similarly j.k = 0 and k.i = 0. 
These scalar products can be shown in tabular form: 


Table 1 


The table shows how the product of any two elements of the set 
0, 1, i, j and k always forms a member of the same set. Notice too 
that the set of elements i, j, k by themselves give a table of products 
which is the UNIT MATRIX (shown by the thicker lines in the table). 

On page 65 it was shown that the dot product or scalar product 
is commutative and distributive, from which it follows that 


a.b = (x,i+y,j+2,k). (x2i+ y2j+z2k) 
= X,i.(x2i+ y2,j+22k)+ y,j. (χ᾽ Ὁ γχ] Ὁ 23) 
+2,k.(x i+ ν}} Ὁ 23Κ) 
= ΧΙ Χ)Έ .»}2 2122 


since all other products are zero by the table above. This result 
could have been obtained by the matrix multiplication since 


a= XxX} b = Χχ 
yi y2 
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Putting a = [x, y, Ζ4] 1.6. in Row vector form gives 

a.b = XyX7+)1)24+2122 

This is also called the INNER PRODUCT. 

Magnitude of a vector 

Now suppose b=a so that x;=X2, Yi; =J)2, 2, = 23. 
Then 

a.a=x?+y?+27 

But 

a.a = |alla| cos 0° = |al” 


τρία! = /xi+yitzi 


=>|b| = /x3+92+23 
Angle between two vectors a and b 
a= X,i+y,j+2,k 
b= X>i+ y2j+ 22k 
lal = /xt+yi+z1 
|b] = /x3+92+22 
a. b= XyXot+V,V2t7212Z2 
also 
a.b = |al|b| cos 6 
where @ is the angle between the vectors. 
XyX2+ViV2 +2122 
\a||b| 
au X Xo ἘΝ.» +2122 


xt pyt4z?../xt+y2 +23 


Scalar product with a unit vector : 
Let vector a make an angle @ with 
the unit vector u 
a.u=|fallujcos@ but |u| = 1 


=> cos @ = 


= |a| cos 0 

= OP 
O = projection of OA on the 
Fig. 85 direction of u 
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Fig. 86 


The projection of vector a in the direction of the x-axis has been 
shown to be the scalar product of a with a unit vector in the 
i ig of the x-axis. Since i is the unit vector in the direction 

x then 


x=ON=a.i 
Similarly 
y=OM=a.j and z= OP=a.k 


Now a = xi+yj+2zk. 
This can now be put in the alternative form 


a = (a.ii+(a.jj+(a.k)k 


Using matrix notation the vector a can also be expressed as the 
product of the two matrices 


a=[x y Ζ][17 = xi+yj+zk 
j 
k 


Example J 
Find the projection of vector a = 2i+3j+2k in the direction of 
vector ἢ = 1i+2j+ 1k. 
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The magnitude of vector b = ./17+27+1? = ,/6. The unit vector 
in the direction of b is b and 


b = |blb = ./66 
i. 2: & 
Now the projection of a in the direction b is given by a. 6 and 
re | 


ae ole 


2.6 = (21434428). ( 


Fe 


Hence the projection of vector a in the direction of vector b is 


>. 6 units long. 


Example 2 
If vector p = 2&+39 and vector q = 3%+29 find the projection 
of p in the direction of q. 
The magnitude of vector q is ./37+27 = ,/13. The unit vector 
@ in the direction q 
q 


Projection of p on q = p.q 
(3X + 29) 


= (2%+ 39). 


In future, when necessary, the length of a projection of a vector 
in a given direction can always be expressed as the scalar product 
of the vector with a unit vector on the given direction. 
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Exercise 9. 

1. a= 2i+3j+4k, b = i—2j+3k and ς = 3i+j—2k. Find (b+o), 
then find a. b, a.c and a.(b+c). State your conclusion, 

2. a = 3i+4j and b = 5i+6j. Find ἃ. ὃ and hence find the angle 
between a and b. 

3. p = 41+5j+k, q = 3i+2j+3k and r = 2i+2j+3k. Find (Ρ -- 4. 
r.p,r.q, and r.(p—q). State your conclusion. 

4. Prove that 

(a+b). (a—b) = |a|? —|bj? 

5. With the components given in Qu. 3 find r.(p+q) and 
(r+p).q. 

6. Given a = 2i+1j+3k; b = 2i—2j+3k; ς = 3i+2j—4k. Find 
(i) a+b (ii) (a+b)+c (iii) b+e (iv) a+(b+¢) (v) 3a+2b+ 4c. 

7. For the given vectors in Qu. 6 find |al, [δ], \c|, |a+bl. 

8. Find the angle between a and b, b and c. 

9. If d = 6i+7j+ 3k find scalars p, 4, r such that d = pa+gb+re. 
10. Find a unit vector parallel to the vector a+b. 

11. Express vectors a, b and ς of Qu.6 in matrix form and rework 
Qu. 6, 7, 8 using column matrices. 

12. Find the projection of a = 4%+59 on b = 3% +29. 

13. Find the projection of vector p = 3i+4j+5k on the direction 
of vector q = 2i+ 1j+2k. 

14. Find the projection of the vector 3p+2q (where p and q are 
the vectors given in oy on the direction of vector r = 2i+ 3j+ 2k. 


Position vectors in parametric form 

Consider a point P moving round a circle of radius a units. Taking 
the centre of the circle as origin O then the position vector OP of 
the point P makes an angle k with the reference line which is the 
x-axis as shown, 
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If r represents OP then r = ON+NP. Since ON and NP are 
in the directions of Ox and Oy 


r = |r| coski+l|r| sin kj 
but |r| = a 
r = (acos k)i+(asin k)j 


The position vector r is a bound vector with its tail at the fixed 
point O and is of constant magnitude. The vector r has been 
expressed as a Vector Function of a Real Variable. The tip of 
vector r traces out the circle and if the angle k is a function of time 
such that k = wt then 


r = acos wti+asinotj 
and r is now given as a vector function of time. 


Parametric representation of the parabola. 


ae 


Fig. 88 


P is any point on the parabola and taking the vertex of the 
parabola as origin we have OP as the position vector of P. Repre- 
senting OP by r, vector addition gives 


r= ON+OP 


From the well-known properties of the parabola we can express 
ON and NP as ap” and 2ap, where the scalar p is a parameter and 
the scalar constant a determines the parabola, thus 


r = ap*i+2apj 
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The position vector r is expressed as a vector function of the 
parameter p. 


Trajectory of a projectile 
The trajectory of a projectile is a parabola and the parameter is 
the time t. 


Fig. 89 


If the initial velocity of the projectile is v at angle @ with the 
horizontal, let the horizontal component of velocity |y| cos @ = Κα 
and the vertical component |y| sin 0 = m. P is the position of the 
projectile after time t and the position vector r is given by 


r = OP = ON+NP 
= kti+(mt—}gt?)j 


The circular helix 


Chapter 6 


The diagram shows the space curve called the circular helix. The 
curve grows out of the xy-plane in the shape of a spring touching 
a cylinder of radius a. The projection on the xy-plane is a circle 
centre O and if PN is the perpendicular to the xy-plane then 


OP = ON+NP 
= OS+SN+NP 


Calling the angle made by ON with Ox p, then NP increases 
directly with p, Le. 


NP = Ap 
If OP is represented by r then 
r= acos pi+asin pj+Apk 


This is the vector equation for the circular helix and the position 
vector r is given as a vector function of the scalar p. If the angle 
p is given as a function of time ἱ, i.e. p = wt then the vector function 
of time is 


r= acos wti+asin wt j+Awtk 


Fig. 91 


1. The circle shown has radius a and its centre at a, O. Show that 
OP = 2acos @ and express r in parametric form. 
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2. For the circle given of radius a and centre at (O, a), express r 
in parametric form. 

3. The ellipse has semi-major axis = a and semi-minor axis = b. 
Express the radius vector r in parametric form. 

4. For the parabola y* = 4px, take the focus (p,O) as origin and 
express the radius vector r in parametric form. 


5. A plane curve has the equation r = c./cot 0i+c,/tan 0j. 
Identify the curve and give its equation in cartesian coordinates. 
6. A point P moves so that its position vector r is given by the 
vector equation r = a+kp where a is a vector of constant magni- 


5Ὲ5 and da/dt = 0 and k is a scalar variable. What is the locus of 
P? 


Chapter 7 
Vector product of two vectors 


Vector product 

On page 58 it was shown that when two vectors are ‘multiplied’ 
together by using algebraic multiplication on the component 
vectors of each, then the final product is in two distinct parts, the 
first part is a SCALAR quantity in the plane of the two original 
vectors and the second part is a vector quantity in a direction at 
right angles to the plane containing the two vectors. We have 
dealt with the scALAR PRODUCT and some of its applications and 
now we treat the VECTOR PRODUCT, using the sign x to denote the 
operation. 


Definition 

If vectors a and b make an angle of θ with each other, then the 
VECTOR PRODUCT (or CROSS PRODUCT) is defined as the VECTOR = 
lal |b] sin@ ἃ where @ is the smaller angle measured from a to b, 
ἢ is a unit vector at right angles to the plane containing a and b; 
a, Ὁ and ἢ form a right-handed system. 


Fig. 92 


(i) axb = |al||blsin@a (1) bx a = |b] |alsin OW 


But in diagram (ii) the unit vector is opposite in direction to the 
unit vector of diagram (i) hence 


axb= —bxa 
Vector multiplication is not commutative; the order of vector 
multiplication must always be considered. 
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Vector parallelogram 


The vector product of vectors a and b is 
(|a||b| sin θ)ᾶ 


The product (aj |b| sin @) is a scalar quantity. It is of course 
the Area of the parallelogram formed by 
the vectors a and b at an angle 0. 

, To emphasise the order of multiplica- 
tion some people speak of the vector 
product of a on b to ensure that the 
angle @ is measured from a on to the 
direction of b. We say that the vectors a, 
b and ἢ form a right-handed triple. The 
motion of a right-handed screw illustrates 
the motion of a on b. 


Multiplication by a scalar 

From the definition of the vector (or cross) product = 
mia||b| sin θᾶ ἐ = 
lal, |b] are scalars as is m, so the right hand side of the expression 
could also be written 


(m|a})|b] sin θᾶ 
or |al(m|b)) sin θᾶ 


or |a||bj sin θῇ m 

This means that 

m(axb) = maxb = ax mb = (axb)m 
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Magnitude of the vector product 

Since aX b = |al|b| sin θᾶ the vector product is a vector of magni- 
tude (lal |b] sin @) and this magnitude is also equal to the area of 
the vector parallelogram. The unit vector ἃ gives the direction of 
the vector product (ax b). 


Parallel vectors 
1. If a and b are parallel non-zero vectors it follows that 6 = 0 


when a and b are parallel and sin 0 = 0, hence ax b = 0. 

Here is a condition for parallelism. 
2. If we were given initially that axb = 0 then the conclusion 
would be either a or b are zero vectors or a and b are parallel 
vectors. 


Distributive property of the vector product 


If c is a vector perpendicular to both a and b, then ς is perpendic- 
ular to the plane of a and b by elementary geometry. 


Lr 


We shall now show that under this particular condition the 
vector product 


Fig. 95 


cxX(a+b) = cxa+cxb 


Any line at right angles to the direction ς lies in the plane of a 
and b, hence cxa lies in this plane. In the same way cxb and 
¢ x (a+b) also lie in this plane. 

We show this in the next diagram, c, a and cxa form a right- 
handed triple, similarly with c, b and cxb and with c, a+b and 
c X (a+b). 
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Fig. 96 


In the plane perpendicular to ¢ the vector exa is at right angles to 
vector a, the vector cxb is at right angles to vector b and vector 
¢ xX (a+b) is at right angles to vector (a+b). 


ΙΡΤΙ = |e||b| sin 90° = |el|b! since sin 90° = 1 
ΡΥ] = |c||a| sin 90° = |e||al 
|PV| = |c||a+bj sin 90° = |e||a+b| 


This means that the sides of the figure PTVW are lc| times the 
length of the sides of figure PQSR and since the angle TPV = angle 
RPS, then figure PWVT is a parallelogram with diagonal PV and 
PV = cx(a+b). 

But PV=PT+TV and PT=(cxb), TV = PW = (c Χ 8) 
=> cxX(a+b) = cxa+cxb. 
So that under the condition that ¢ is perpendicular to both a and b 
then the cross product has been shown to be distributive with 
respect to vector multiplication. 


' Next we consider the general case where ς is not perpendicular 
to each of the vectors a and b. 
The plane perpendicular to ¢ is shown with vectors a and b 
inclined at different angles to vector ς. 
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Fig. 97 


First we consider the projections of vectors a, b and (a+b) in the 
plane perpendicular to vector ς. We show these projections 
a,, b, and (a, +b). rine 

Just as (a+b) is the sum of a and b so the sum of the projections 
a, and b, is equal to the projection (a, +b,). | 

If @ is the angle between ς and a then |a,| = [δ] sin 0 


and ¢xa = |e||al sin 6 
but exa, = |e||a,| sin 90° i = |e||a,|i = |e||al sin Oi 


where ἢ is the unit vector at right angles to c and a and ay. 
This means that cxa = ¢Xa). 
It follows that exb = cxb, and cx(a+b) = cx(a,+b,). So 


we can state that 
cx (a+b) = ex (a, +b,) 


and since vector ¢ is perpendicular to (a, +b,) it was shown that 
in such a case the distributive law holds; 


hence eX (a,+b,) = cxXa,+cxb,. 


But exa, = cxaandexb, = ΧΡ. 
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Hence cx(a,+b,) = cxa+exb. 
So finally we state 

cx(a+b) = cxa+cxb. 

This is the left-handed distributive law. We have shown that 
cxa= —axc 

cxb= —bxc 

and ex (a+b) = —(a+b)xe 

so that the right-handed distributive law also holds 


(a+b)xc = axc+bxe 


The distributive laws can be established in different ways but 
since so much vector analysis which uses component vectors, is 
dependent on the truth of both the left-handed and right-handed 
distributive laws, it is essential that their validity is placed beyond 
dispute. 


Vector (or cross) products of the base vectors i, j and k 


z 


x 


Fig. 98 


ixi=0 jxj=0 kxk=0 since in each case the angle be- 
tween the vectors is 0°, giving sin 0° = 0. Remembering the 
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adoption of a right-handed system of axes means that although 


ixj=k 
jxi= —k 
since ixj = —jxi 


The table shows the vector products of any two vectors of the set 


Table 2 


Vector product of two vectors in component form 
Let a= x,i+ y,j+z,k 


and b = x,i+ y,j+22k 
Then ἃ ΧΡ = (x ,i+ y,j+2,k) x (x2i+ y2j+2Z2k) 


and we have proved that the vector product is distributive with 
respect to multiplication, the right hand side will therefore produce 
nine separate vector products 
aXb = x,x,iXi+x,iXj+x,ziXk+ y,x2j Xi+ yi y2j Xj 
+ y,Z2jXk+2,x 2k Xi+z,y,k Xj+2,22k Xk 

Reference to the table shows that three of these products iXi, 
jj, k xk are all zero and three more are negative (j Xi, ixk, k εἶ ἢ. 
τῷ axb = x, γΚ —x2y,k+X22,j—X,Z2j+ ι22ἷ -- 2211 


τῳ ΧΡ = (ν,2) -- "γ2Ζ}}} Ἐ(Χ2Ζ; —X1Z2)j+ (X12 —X2y,)k 
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The right-hand side gives the vector product in component form 
which makes a right-handed triple with a and b. This can be 
illustrated with the motion of a woodscrew turning from a to b: 


axb 
' 


Fig. 99 


Vector product in determinant form 
The result of the last operation can be rearranged in a form which 
is then recognisable as a (3x 3)* determinant which provides a 
very suitable form for memorising. 
axb = (y,Z2—y2Z,)it+ (X22; -- χ, 22)} + (x1). —X2y,)k 
=(V122— Y221)i—(% 122 — X22,)j+(X1y2 —X2y)k 
-— i} fs 
X, Vy 2; 
X2 }χ 22 
The Rule of Sarrus* if known is also useful for the expansion. 


Since the interchange of two rows alters the sign of the determinant 
and 


bxa= —axb 
bxa= |i j k 


me Υὰλ 23 
Xi Vi 24 
Example 
a= 3i+2j+2k 
b = 2i+ 4j+3k 


* (See expansion of (3 x 3) determinant in A. E. Coulson An Introduction to Matrices. 
Longmans, 1965.) 


Find the vector product axb and bxa 
(i) Using the determinant method 


axb= |i j & 


ee Yaa: 
7a a 
= (2.3—4.2)i-(3. 3-2. 2)j+(3.4—2. 2)k 
= —2i-5j+8k 
bxa= |i j  k| =2i+5j—8k 
2. aaa 
3 FZ 


x 
Fig. 100 


(ii) Expansion method 
axb = (3i+ 2j+ 2k) x (2i+ 4j+ 3k) 


= 31x (21+ 4j+ 3k) + 2j x (21+ 4j + 3k) + 2k x (21+ 4j + 3k) 
= 6ixi+ 12ixj+91xk+4jxi+8jxj+6jxk+4kxi 
+8kxj+6kxk 
Reference to Table 2 gives 
= 12k —9j —4k+ 61+ 4j—8i 
= —2i—5j+8k 
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bx a = (21+ 4j+ 3k)x (3i+ 2j+ 2k) 
= 2i X (3i+ 2j + 2k) + 4j x (3i+ 2j + 2k) + 3k X (3i+ 2j+ 2k) 
= 61x i+ 4ixj+4ixk+ 12jxi+8jxj+8jxk+6kxj+6kxk 
= 4k -- 4] —12k+ 81-9] -- δὲ 
= 21-| 5j—8k 
Example 1 
To find |pxq| given p = i—2j+2k, q = 3i+j—2k. 
Method 1 


pXq = (i—2j+2k)x(3i+j—2k) and since the distributive law 
has been established, 


= ix (3i+j — 2k) —2j x (3i+-j—2k)+ 2k x (3i+j—2k) 
= (ix ἢ) —2(ix k) — 6(jx )+44jx k) + 6(k x i) + 2k xj) 


Since ixi= jxj = kxk=0, and by reference to Table 2 on 
page 97, or directly we can now write 


pxq = k+2j+6k+ 4i+ 6j—2i 
= 2i+ 8j+ 7k 


Hence |p X ql = ./27+87+7? -- ΠΠ17. 


Method 2 Using the determinant method 


pXq = ii j = i|-—2 2] --}1 2, ἘΚ} -—2 
1 - 2 1 -- 2 3 -2 3 l 
3 1 -—2 
= i(+4—2)—j(—2—6)+k(1+6) 
= 2i+ 8j+ 7k 
then as in Method 1, |pxq| = /117. 
Example 2 


Given a = 2i+ 3j+4k and b = 3i—2j+3k find the angle between 
vectors a and b using the vector product. 


lal = ./27+37+16 = ./29 

Ib] = ./37+27+3? = ./22 

axb = [46] sin θᾶ = ./29 ./22 sin θὰ 
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But we can also find axb using the determinant method: 
axb= |i jk] = 17i+6j—13k = [αχ δ) 
Zivindan'4 
3-2 3 
But [4 ΧΡ] = ./177 +67 + 137 
= ./289+ 36+ 169 
= .,494. 
Thus axb = ./4948 


- |a||b| sin θὰ --. (4948 


ng = 494. 2293 
ἜΠΟΣ 995 χ4 
θ = 61° 40’ 


(The angle between a and b could also be determined by using the 
scalar product.) 


Exercise 11. 

1. Two coplanar vectors a and b make an angle of 30° with each 
other and |a| = [3] units, |b] = 4 units. What is the magnitude of their 
vector product and what is its direction? 

2. {τ = x,X+y,9 and 5 = x,X+ yf, find rxs. 

3. Ifa = 31- 4] and b = 2i+4j, find ax b and hence find the angle 
between a and b. 

4. The triangle ABC has its vertices determined by the position 
vectors a, b and c. Show the area of triangle ABC is 


Alex b|+|bx al +|ax cl} 


5. Prove that (p+4q)x(p—q) = 24 ΧΡ. 
6. Given that ax b = 0 and neither a nor b equals 0, state your 


conclusion. 
7. If axb=0 and a= 2i+3j+5k, b = mi+nj+12k find the 
values of the scalars m and n. 
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8. r= 3i+ 2j+ 5k and s = 2i+2j+3k. Find r.s and rxs. What is 
the essential difference between these products? 

9. A vector m has magnitude 5 units and makes an angle of 60° 
with a vector n of magnitude 4 units. Find the magnitude of their 
vector product and give its direction. 

10. m = 2i+2j+1k and n= 4i+4j—7k. Find a unit vector 
perpendicular to both m and n 
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Further geometrical applications of vectors 


The vectorial approach 
The last century has seen a steady change in the approach to 
geometry: the subject has been made more algebraic and the 
application of vector methods has been part of the process, which 
is continuing and gaining momentum. Some reformers would like 
to see all geometry approached from a vectorial standpoint, 
others would welcome an even wider algebraic approach; but 
whatever the viewpoint, vector algebra does provide a better 
understanding of some branches of the subject, and in analytical 
geometry of three dimensions it offers powerful alternative methods 
to the more cumbersome coordinate methods particularly where 
the scalar or dot product and vector (or cross) product of two 
vectors can be used to advantage. The use of the scalar (or dot) 
product in some plane geometry was illustrated on pages 67-69. 
First we give some applications of vector (or cross) products 
before proceeding to three dimensional problems. 


The vector parallelogram 
D ς 
a 
A b B 
Fig. 101 


The parallelogram has vectors a and b for its sides AD and AB. 
The area of ABCD = Base x Altitude 

= AB.h 

= AB. ADsin@ 

= |al |bj sin 0 

= \(axb) 
Area of ABD = } parallelogram ABCD = 35\ax Dj. 
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Consider three collinear points A, B and C. 


Take any convenient origin O, then OA, OB and OC are the 


Sues vectors of A, B and C. Let these vectors be a, b and ς as 
shown 


cxa = |c|/al sin θὰ 
= 2(Area of AOAC)ii 


where ἢ is at right angles to the plane of OAC formin 
| g a right 
handed triple with OC, OA in that order. “i 


Then axb = [8] [δ] sin |AOB (-- ἃ) since a, band —fiforma 
= 2 (Area of AOB) (—@i) right-handed triple also. 
and bxc = 2 (Area of BOC) (--ῶ 


Hence (c x a)+(ax b)+(bxc) = 28 (Area OAC— Area AOB— 
Area BOC) 


=0 
Hence the condition for three points A, B and C to be collinear is 
(cx a)+(axb)+(bxc) =0 
Sine formula for AABC 


A 


Chapter ὃ 
In the triangle ABC if a,b and ς are the sides then 
a+b+c=0 
the distributive law gives 
ax(a+b+c) = 0 
τῷ (axa)+(axb)+(axc) = 0 
since axa = 0 
axb= —axc=cxa (1) 
Again 
bx(a+b+c) = 90 
=> (bx a)+(bx b)+(bxc) = 0 
since bx b = 0 
—bxa= bxec 
or 
axb = bxe (2) 
Combining (1) and (2) gives 


axb=bxc=cxXa 
(lal |b] sin (γᾶ = (|b] |ε] sin A) = (c| [ἃ] sin Β)ᾶ giving 
ab sinC = besin A = acsinB 


Dividing throughout by abc 
sin C lu sin A 2 sin B 
mo eae en oe 


which is the SINE RULE for a triangle. 


Sum and difference formulae 
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Suppose a and b are unit vectors making angles of « and β with 
Ox and lying in the plane of Ox and Oy 


a = COs ai+sin aj 
b = cos fi+sin pj 
The scalar product ἃ. ἢ = |al|b| cos @ 
= 1.1.cos(a—) [since [4] = [δ] = 1]. 
But a. b = (cos ai+sin aj). (cos Bi+sin fj) 
= cos «cos #+sin « sin β 
=> cos(a— β) = cos «cos B+sin « sin β 
Putting β = (-- β) 
cos(«+ β) = cos a cos B —sin α sin β 
The vector product of b and a is |bj|a| sin 0k = sin(« — B)k 


(where k is the unit vector forming a right-handed triple with a 
and b) 


since b xa = (cos fi+sin fj)x (cos «i+ sin aj) 
= cos β sin ai x j+sin B cos aj Xi since ixj =k 
= sina cos Bk—sin f cos ok and jxi= —k 
Ξε (sin α cos B —cos « sin β)κ 
=> 5ἰπία -- β) = sin « cos B —cos α sin β 


The straight line and the plane in three dimensions 

(i) Equation of a straight line in the anal ytical form 

Two points determine the position of a Straight line. Only one 
straight line will pass through any two given points. 


z 
P (xy, 
B (356 
A(1,22 
ν y 

x 

Fig. 105 
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A is the point (1, 2, 2) 

Bij tocol: te 2.53.) 

P is any point (x,y,z) on the straight line through A and B. 
Regarding the line segment AB as a vector it has components of 2 
in the x direction, 3 in the y direction and 4 in the z direction 


AB = 21+3j+4k 
AP = (x—1)i+(y—2)j+(z—2k 


since 
AP = mAB 
(x= Di+(y—2)j-+(z—2)k = m(2i+ 3j+ 4k) 
= 2mi+ 3mj+ 4mk 
Equating coefficients gives 
(x—1) = 2m 
(y—2) = 3m 
(z—2) = 4m 
x-1 y-2 2-2 iz 
SPU ye Te gone 


This is the required relation between x, y and z 


(ii) This relation could be established by another method by using 
position vectors. Choosing O as the origin for the position vectors 


AB = OB—OA 
AP = ΟΡ -Ο Ἢ 
AB= [3] - [1] = [2 
5 2 3 
6 2 4 
AP = [x] — [1] = Γ[(χ-- ἢ) 
y 2 (y—2) 
Ζ 2 (z—2) 
As before AP = mAB 
‘is πος ae em 
χ--1] τ 2κκ [2 ONS ἘΣ. FS tS = 
y-2 3 
z—2 4 
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(ili) Equation of the: straight line in vector form 
z 


Fig. 106 


Any convenient origin can be chosen, let it be the point R(1, 1, 2). 
The position vectors of A, B and P are r,, Γχ and r3. 
Then AB => ro—T; and AP => r3—T; 
Since AP is parallel to AB 
then AP = t. AB where t is some variable. 


As t varies so the position of P varies but always along AB 
r;—Fr, = {{{2-- τ} (i) 
r;—(1—t)r,—1r, = 0 

This is the equation of the straight line in vector form, 
We can reduce this to the analytical form thus 

rs = (x—1Li+(y—1)j+(z—2)k 

r, = 21+4j+ 4k 

r, = 0i+1j+0k 

Vector equation (i) can be rewritten 

(x — 1)i+(y—1)j+(z—2)k—0i- 1j—Ok 

= {(2} -Ὁ 41 -Ε 4Κ --ΟἹ -- 1j—Ok) 

=> (χ -- Li+(y—2)j+(z—2k = 2ti+ 3tj+ 4tk 
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This shows that the vector equation r,;—(1—t)r,;—tr, = 0 is 
equivalent to the analytical form. 


The normal unit vector to a plane 
A 
n 
ο 
Ma <6\ b 
Fig. 107 


A line drawn perpendicular to a plane is perpendicular to any 
straight line in that plane. 

In vector terms this means that a vector in a plane is at right 
angles to the vector perpendicular to the plane. 

In the diagram above a, b and ¢ are three vectors in the plane 
indicated and fi is the unit vector normal to the plane. 

The scalar or dot product of two vectors is zero when the 
vectors are at right angles, hence 


a.fi=0 
b.f = 0 
and 

c.4=0 


But since ἢ is normal to the plane containing a and b then 
bxa = |b||a| sin Of 
= ki 
Since ¢ is perpendicular to kfi then 
c. ki = 0>c.(bxa)=0 
We now use this to find the equation of a plane specified by three 
given points. 


To find the equation of a plane 
A plane is determined by three given points A (1, 2,3), B (3, 3, 4) 
and C (4, 6, 6), find its equation. 
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Fig. 108 


Let P(x, y, z) be a point on this plane 
Vector AB = 2i+ Ij+ ik 

Vector AC = 31+ 4j+3k 

ACXAB= /i j k|=1i+3j-5k=n 


3. Δι. 3 

ie, εἴ εἴ 
=> A vector perpendicular to plane οἵ AC and AB is the vector 
n= li+3j—5k 


For P to lie in this plane AP must be at right angles to vector n 
Le, n.AP =0 


(li+ 3j—5k). {(χ -- Lli+(y—2)j+(z—3)k} = 0 
=> x—1+3(y—2)—5(z—3) = 0 

=> x—1+3y—6—5z+15=0 
=>x+3y—5z+8 =0 


The equation gives the relation between x, y and z for any point 
P which lies in the plane determined by the three points A, B 
and C, 

The vector n normal to the plane ABC has a magnitude 


In) = \/(+ 1)? +(4 3)? +(—5) 


= ./35 
Denoting the unit normal vector by f means 
n = |njfi 
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Hence 
ἊΣ Β΄ 1i+3j—5k 
~ In| /35 
li 3j 5k 


"7s /35. 35 
351 3,/35j_5,/35k 
OF. SG τς 35 


To find the area of AABC in the given plane 
From previous work |AC x AB| = Area of vector parallelogram 


= 2(Area of AABC) 
= ./35 (magnitude of the vector n) 


.,35 
_Area of AABC = a 94 units 


Equation of a plane in vector form . 
To find the vector equation of the plane perpendicular to a given 
vector a and passing through a given point B. 


O 
Fig. 109 
In Figure 109 let a be the given vector, P any point in the 
required plane and B the given point. Calling the position vectors 
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of B and P, b and r respectively from a convenient origin O, then 
PB = (b—r) and since PB is perpendicular to a the scalar product 
must be zero 


=>(b-—r).a=0 
or 
r.a=b.a 


This is the required vector equation, with r the variable vector, 
a and b are constant vectors for this plane. 


Since a is a free vector perpendicular to the required plane it is 
convenient to let its direction pass through the origin of the 
rectangular axes and then choose this origin for the position vec- 
tors. The vector form of the equation is easily reduced to the ana- 
lytical form. 


z 


Fig. 110 


Let a = li+mj+nk 
OP =r = xi+ yj+zk 
OB = b = x,i+ y,j+2,k 


The vector form of the equation of the plane r.a = b.a then 
becomes: 


(xi+ γ᾽ Ὁ ΖΚ). (i+ mj+nk) = (x,i+ »,j+ z,k) . (i+ mj+nk) 
=> Ix+my+nz = Ix,+my,+nz, 
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Since I, m, n, X,, Y,, Z, are constants for the plane then 
lx, +my,+nz, = constant = d 

Hence the equation of the plane in analytical form is 
Ix+my+nz—d = 0 


It is important to notice that the coefficients of x, y, and z are 
the components of the vector perpendicular to the plane and the 
value of d merely depends on the position of the given point B. 
Example 

The equation of a plane is 2x+3y+2z—4 = 0. Find (i) the 
vector normal to the plane and (ii) the unit vector normal to the 
plane. 

(i) The vector normal to the plane is 2i+3j+2k from the work 
above. Call this normal vector n 


27 +3742? = /17 
n = |n|.fi where ἢ is the unit normal vector 
(ii) Unit normal vector 
hye 
“wT Fae ae 


(iii) Find the perpendicular distance from O to the plane. 
The point P(3, — 2, 2) lies in the given plane. 

OP = 3i—2j+2k 

The projection of OP on the normal unit vector 

is the perpendicular distance required because 


OP . fi = |OP| [ἢ] cos @ where angle HOP = 0 
= |OP| cos? = OH = ἢ 
= (3i—2j+ 2k). gt 3420 
4 4./17 


Fig, 111 ἣν tage Seog, εὐ 


Jin yi 


——(2i+ 3j+ 2k) = 


Exercise 12. 
1. If the position vectors of the plane triangle ABC are r,, r, and 
r3, find the area of the triangle in terms of r,, Γ, and rs. 
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2. If the position vectors of the points A, B, C are r,, r, and τς, 
what is the condition for collinearity of A, B and C. 

3. What is the condition for sides AB and BC to be at right angles 
in Qu. 1. 

4. Find the equation of the plane determined by points A(2, 3, 3), 
B(3, 4, 6) and C(5, 7, 8). 

5. Find the unit vector normal to the plane in Qu. 4. 

6. Find the area of AABC in Qu. 4. 

7. Find the equation of the line joining A(2, 3,3) and B(3, 4, 6) in 
vector form. 

8. Find the equation of the line joining A(2, 3,3) and C(5, 7, 8) in 
analytical form. 

9. Find the distance from the point P(1, 3,6) to the plane deter- 
‘mined by points A(2, 3, 3), B(3, 4, 6) and C{(5, 7, 8). 
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Triple scalar 
On page 110 in order to find the equation of a plane in analytical 
form we first found a cross or vector product of two vectors 
(AC x AB), and then this vector was used with a third vector AP 
to find a scalar product. 

In all this amounted to 


AP .(ACx AB) 
Such a product is called a TRIPLE SCALAR PRODUCT. Consider 
a.bxe 


It is not necessary to use brackets to specify the order of opera- 
tions because a.b is a scalar quantity and the cross product or 
vector product of a scalar with a vector has no meaning. Such 
triple products as a. bx c¢ arise in many problems and the calcula- 
tion can be shortened by using the determinant method. 

Let 


a= x,i+ y,j+Zak 
b = x,i+ y,j Ὁ ΖΚ 
= Xd+yj+zk 


where x,, y, and z, are the components of vector a in the base 
directions, similarly for vectors b and c. 


bxc = i j k = Vp Zp i- Xp Zp j+ Xp Vp k 
Xp Yo 2b γε 2% Xe Ze Xe Ve 
Xe Ve 2 


Let this be equal to X,i—Y,j+Z,k where X,, Y,; and Z, stand 
for the 2nd order determinants. 

Then a.bxe is the inner product or scalar product of 
Xgit+ γε ἘΖιΚ and X,i-—Y,j+Z,k 
a.bxe = x,X;—y,Y¥1+2,Z, (since all other products are zero) 


= Xq σα |Xyn 2p +Z, Xp Vp 


Xe Ve 


Yn 2 


Ye % 


Xe 2 
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But this is the expansion of the determinant 
Xq y a 2a 
Xp Vp 2p 


Xe Ve % 


=-a.bxc= |x, Ve 2% 


The determinant form is easy to memorise. 

Since the interchange of two rows of a determinant alters the 
sign from positive to negative or vice-versa, two such row inter- 
changes will leave the sign unchanged, thus: 


Xa Ya 2a} = —|Xy Yo Ζ)] Ξ ΙΧ» Vy Z| = D.(CXAa) 
Xp Vo 2p Xa Ya 2 Xe Ve % 

Xe Ve % Xe Ve % a Ya 2a 

Also 

Xa Va 2a) = —|%e Ve Zl = |X Ve | =C.(axb) 
Xp Yo % Xp Vo 2% Xa Ya 2a 

Xe Ve %& Xa Va 2 Xp Vo % 


=>a.bxc=b.cxa=c.axb 
and since scalar products are commutative 


= bxc.a=cxa.b=axb.c 


The triple scalar product as a volume 

The three vectors a, b and ς form the sides of the parallelepiped 
shown. 

The vector product bxe =(Area of Base parallelogram)f 
where ἢ is a unit vector normal to the plane of the base. 

The scalar product of a with this unit vector ἢ has been shown 
previously to be equal to the length of the projection of vector a 
on the direction of the normal vector ἢ 1.6. a. ἢ = AH. 
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Fig. 112 


It follows that 
a. bxe = a. (Area of Base)fi 
= (Area of Base)a. fi 
= (Area of Base). AH 
= Volume of parallelepiped 


Since b.cxa = Volume of same parallelepiped and c.axb = 
Volume of same parallelepiped once more we show that a.bxe = 
b.cxa=c.axb. 


Note on order of multiplication 
Since 
bxe = —cxb 


Then 
a.cxb= —a.bxe 
= — Volume of parallelepiped 
The magnitude of the triple scalar product is still equal to the 
volume of the parallelepiped. 


Condition for three vectors to be coplanar 
If the three vectors a, b and ¢ are coplanar then the volume of 


the vector parallelepiped must be zero, i.e. 
Xa Va %| =9 

Xp Yo % 

Xe Ve 2% 


This is the required condition. 
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The triple cross product 
The vector product ax(bxc) is called the triple vector product 
of the three vectors a, b and c. 

Compared with the triple scalar product, the triple vector 
product has limited applications (mainly in spherical trigonom- 
etry). 

It can be shown that 


ax(bxc) = (a.c)b—(a.b)c 


A number of different methods are available, some more elegant 
than others, the most straightforward method is rather lengthy 
using the components of each vector: 


a x(bxc) = (x,i+y,j+2z,k)x |i jk 
Xp Yo 2p 
Xe Ye Ζι 


which when multiplied and expressed in component form reduces 
to the same expression as 


(a.c)b—(a.b)e (also expressed in component form) 


Exercise 13, 
l. If a = 2i+2j+3k, b = 2i+3j+4k, ς = 3i+4j+7k. Find (axb), 
c.(axb), (axc), b.(axc). 
2. If the vector p = xi+3j+2z is coplanar with vectors a = 2i+ 
2j+3k and b = 2i+3j+4k. Find the value of the component x. 
3. By expanding the determinant on page 118 show that a x(bxc) = 
(a.c)b—(a.b)ec.. 
. Prove that a.(bxc) = (axb).c. 
. Prove that (ax b)xe = b(a.c)—a(b. c). 
. Prove that ax(bxc)4 bx (ex a)+cx(axb) = 0. 
. If a, b, ας and d are coplanar, prove that 
(ax b)x(cxd) = 0 


SAU LS 
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Many of the concepts of mechanics are really vector quantities 
and their uses become more meaningful when they are regarded 
vectorially. Many of the laws and definitions of mechanics can be 
rephrased in terms of vectors, and the concepts of scalar product 
of two vectors and the vector product of two vectors serve to 
extend the application of vectorial methods. 

The triangle of forces as a method of compounding or adding 
forces was first stated explicitly by Simon Stevin of Bruges in /584. 
He used a straight line to represent a force in magnitude, direction 
and sense. Later came the extension of the triangle method for the 
compounding of velocities where a straight line is used to represent 
a velocity in magnitude, direction and sense. So that long before 
the word vector had been invented by Sir W. R. Hamilton in 1854 
to represent such quantities, mathematicians and engineers had 
been developing the concept of such a quantity and its representa- 
tion geometrically by a line segment. James Watt in 1784 intro- 
duced the concept of work done as a scalar quantity resulting from 
the product of two vector quantities but it was not until 1884 that 
Professor W. Gibbs formulated the idea of the scalar product of 
two vectors in its general form as was stated in Chapter 5. In the 
early part of the nineteenth century engineers and physicists were 
using vector fields and vector products but limited them to electro- 
magnetism and they did not have the advantages of vector algebra 
to clarify and generalise their results. The study of kinematics, 
mechanics, hydrodynamics, electricity and magnetism require a 
wide application of vector methods, and in particular the use of 
calculus methods. The subject is too deep and vast for a compre- 
hensive treatment, so first we shall show that the methods of the 
calculus can be applied to vectors and we shall use the result we 
obtain to illustrate some of the elementary but widely used con- 
cepts of mechanics. 


Position vectors and the calculus 
In number algebra, if y is a function of x then the Derived Function 
of y (or Derivative) is defined as 

dy 


or —] = lim Lhd 5) 
dx b6x--0 Ox 


’ 


y 
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We can transfer the methods of the calculus to vector algebra 
and obtain meaningful results. 

Suppose a particle has a position vector r at a time t and if the 
displacement is a function of the time then we can find a meaning 
for dr/dt. Let the position vector r become r+ dr after an interval 
of time dt 


The vector AB is the difference 
of OB and OA 


AB = r+o6r—r = or 


Using the definition above we 
get 

dr (r+dr)—r or 
Fig. 113 37 bt ἜΣ δι 


Since division in vector algebra is not defined, then we must regard 
or 


— as ortim ba 
ot ONS 


Le. the vector or has been multiplied by the scalar = 
hence 


(*) 

—] is a vector 

ot 

ér/dt has the direction of dr ic. AB 


As ot — 0 then point B approaches point A more and more closely 
until in the limiting position dr will be at right angles to the direc- 
tion of vector r. 

The rate of change of position with respect to time and relative 
to the point O is the velocity of the end point of vector r relative to 
O, at time t. 


Hence lim oF =¥ 
δι-“Ὁ OF 
Le e v 
“ἮΝ 


Similarly, dv/dt is the acceleration of the end point of vector v 
relative to the origin O and 


ay _ a 
dt dt? 
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We have shown that the process of differentiation applied to 
vector algebra gives meaningful results but many results have to 
be established, none can be assumed. After the next exercises in 
which some fundamental results are established from first principles, 
some important and far from obvious relations are derived from 
the differentiation of a unit vector. 


Exercise 14. 
1. Show that if a and b are vector functions of t then 


a+ db 
“(a +b) = — . 
: Ifmisa sts function of t and a is a vector function of t also, 
show that 


3. If r = xi+ yj+zk, show from first principles that 


dr ἀχ ἀν. ἀξ 


ἘΣ γῶν δ τὰ 


4. Show that 

d db da 
ne) = a. at dt 
d db da 
15 Χ5- ΧΕ ΧΡ 


6. Using the results established in questions 4 and 5 show that 


dt dt dt 


7. If r= acosnt+bsinnt find dr/dt and d?r/dt? and show that 
f+nr = 0. (ἢ represents d?r/dt’). 

8. If r = sinti+costj+tk find dr/dt and d?r/dt? and calculate 
\dr/dt| and |d?r/dt?|. 


“(a.bxe) = αν ἌΡ, ἂν ee ΣΆ 


Rotating Unit-Vector 

In the application of vector algebra to dynamics the properties 
of the unit vector are most important, in particular the property 
of the rotating unit vector. The magnitude of the rotating unit 
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vector is constant although its direction is continuously altering. 
In Figure 114 the unit vector u is shown initially in the position 
OP and then after an interval of time dt in the new position OQ. 
The use of the delta notation implies that the increment of time is 
exceedingly small and the angle will also be of the same order in 
size. 


If the unit vector is rotating with constant angular velocity, 
then 60/dt = w. 

In this case we can show that u and du/dt are perpendicular to 
each other. Since u is constant in magnitude and we have shown 
earlier that [2 = u.u (the scalar product) it follows that u.u = 
constant = | unit 


and using the result of Qu. 4, Ex. 14., we have 


a7 = 0 


Now since u.(du/dt) = 0 it has been shown that this is the condi- 
tion for the two vectors u and du/dt to be perpendicular to each 
other since both u and du/dt are non-zero vectors, and so we can 
state that du/dt is perpendicular to u. 

Referring to Figure 114 again, since u has a constant magnitude, 
OP = OQ and the triangle OPQ must be isosceles. Angle QPO = 
90° — 60/2 and PQ = 2\ul sin 60/2 = 2 sin 60/2; the length of PQ 
is the magnitude of vector du, so we can express the vector du in 
terms of a unit vector fi along PQ thus 


du = |PQI|f 
. 00 
| = 2 sin 
δὰ νι" sin 66/2 
50 60/2 


=>I1.ff as 00-0 
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Since 
du δὰ 00 
δι ὃθ δι 
ΔΝ ee .»ἷϑ δ᾽ νὰ 


dt μκαοξκ #7000 δ 


=qfi and we have already shown that du/dt is a vector perpen- 
dicular to u, hence the velocity of P is always perpendicular to the 
radius vector u. 

The differentiation of any vector a results in another vector, but 
the differentiation of |a| gives another scalar. We now show the 
relation between them. Since 


J a.b)=a.+b.2 (see Qu.4, Ex. 14) 


dt dt 
if we put b = a then 
d da 
“ἢ . 8) -- 28. dt 
But it has been shown that a.a = [47 so that 
d Biss 
rh . 8) Ξ 3 
d , ᾿ 
= 2lal— lal (Since [4] is a scalar.) 


Combining these two results from the differentiations 


d da 
2|al— lal = 2a.7 
he = 8 da 
dt’ al dt 
But a/|a| = ἃ (where 4 is a unit vector in the direction of a) 
d a oe da 


which gives the required relation. 
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Vectors and mechanics 


It has been established that a force is a vector quantity but the 
application of a force to a rigid body requires careful treatment. 
At once the force vector cannot be regarded as a free vector, its 
effect depends not only on magnitude and direction but also on 
the Point of Application. 


τς 


The force F acting at point P in the rigid body pivoted at O 
tends to turn the body about O. This turning effect is equal in 
magnitude to the product of the magnitude of F and the perpendic- 
ular distance from O to N on the LINE OF ACTION of the force. It 
is Clear that the same force F acting along the same line of action 
but applied at Q would have the same turning effect. When the 
force is localised along the same line of action its turning effect is 
unaltered. Forces are said to be LOCALISED VECTORS in this respect. 

Again two forces acting at the same point in a rigid body or 
two forces whose lines of action pass through the same point, are 
equivalent to a single force which is the vecror sum of the two 
forces. But if the two forces act at‘ different points in the body 
then their effect is not necessarily the same as that of the force 
which is their vector sum. 


Fig. 115 


Forces acting on a rigid body 

1. Two forces acting at the same point in a rigid body have a 
resultant which can be found by the usual method of adding two 
vectors, 1.6. by applying the triangle of addition. This can be 
verified by experiment in the laboratory. 

2. Three forces acting at the same point in a rigid body have a 
resultant which can be found by the triangle method of addition 
taking the forces two at a time (or by the method of addition given 
earlier for vectors). 
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Fig. 116 


At O any convenient point in the plane of a and b, draw OP = a, 
from P draw PQ = b and from Q draw QR = c. Then from pre- 
vious work the resultant is OR. 

If the three forces are in equilibrium their resultant is zero, 
OR = 0 and R coincides with O. The three vectors form a triangle, 
i.e. they must be coplanar for equilibrium, and since they are all 
acting at the same point, they are localised vectors. This is known 
in mechanics as the triangle of forces which states that if three 
forces acting at a point are in equilibrium they can be represented 
in magnitude and direction by the sides of a triangle taken in order. 
3. Polygon of forces states that if any number of forces acting at 
a point can be represented in magnitude and direction by the sides 
of a polygon taken in order then the forces are in equilibrium. 


Fig. 117 


Suppose the forces p, q, r, s and t act at the point O and are in 
equilibrium, then if side OP of the polygon represents p in magni- 
tude and direction, similarly PQ, QR, RS, SO represent forces 
4. r, 5, and t, the sides OP, PQ, RS, and SO form a closed polygon. 
It was shown earlier in the book that the vector sum of the sides 
of any closed polygon is zero hence 


p+qt+r+s+t=0 
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Since the sum of p and q is OQ and OQ compounded with r 
gives OR which in turn can be compounded with s to give a re- 
sultant OT and this force with t (SO) is zero, it follows that the 
forces need not be in the same plane. 

It is important to note that the forces must act at a point and 
that the converse of the polygon of forces is not necessarily true. 


Newton’s second law 

Newton’s Second Law is fundamental in the study of dynamics. 

It states that the Rate of Change of Momentum of a body is 

proportional to the Impressed Force acting on that body. 
Momentum is defined as the product of mass and velocity. 

Mass (m) is a scalar quantity but velocity (¥) is a vector quantity 

so that momentum (M) is also a vector quantity. 


M = mv 
Newton’s Second Law becomes 


F = - if suitable units are chosen. 


assuming that the mass remains constant during the action, 
dv 
=ma_ since acceleration a= zx 


From previous work since vector F = ma where m is a scalar it 
follows that a has the same direction as F. 

If the body is acted on by several forces at the same time then 
the acceleration produced in the body is in the same direction as 
the resultant of the several forces compounded vectorially. 


Work done as a scalar product 

If a force F acts on a particle which suffers a displacement d making 
an angle @ with the direction of force F then the work done by the 
force is (its component along d) times (the displacement). 
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46) 


IF i cos 9 d 
Fig. 118 


Work done = |F| cos 0. |d| ! 
But force and displacement are vector quantities and using the 
DOT product: 
=> F.d = |F\|d| cos @ = work done (a scalar quantity) 

So work done is the Dot (or Scalar) product of the force vector 
and displacement vector. 
=> Work done = F.d 
Example 1 | 
Find the work done when a force vector F = 43 -- 39 acts along the 
displacement d = 3&+ 49. 
It has been shown that work done is the Scalar (or Dot) product 
of the two vectors, hence 


Work done = F.d 
= (48+ 39). (38+ 49) 
= 12+12 Sincex.y=QOandy.x=0 


= 24 units. 


Example 2 

Find the work done by the force vector F = 2i+ 3j+7k along the 
displacement vector d given by d = 2i+3j+5k. Since the Work 
Done is the Scalar quantity = F.d 


Work done = (2i+ 3j+ 7k) . (2i+ 3j+ 5k) 
= 4+9+35 units 
= 48 units. 
Exercise 15. 


1. Find the work done by a force vector represented by F = 
4i+ 5] —2k along the displacement vector ἃ given by d = 2i+3j+ 4k. 
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2. A magnetic pole has a force acting on it represented by F = 
2i+ 3j+ 5k. If the pole is moved along the displacement given by 


d = li+3j+2k find the work done. 


Turning effect of a force 


Fig. 119 


Now suppose the force vector F acts at the point P in a body 
pivoted at O. The force will exert a turning moment on the body. 

If r is the position vector of the point P then the cross (or vector) 
product of r and F is given by 


rx F = |r||F| sin 6a 


where ἢ is the unit vector forming a right-handed triple with r 
and F. 
But 


|ON| x ΕἸ = magnitude of the turning moment 
= (JOP| sin 0)|F| 
= |OP||F| sin 0 = |r||F| sin θ = |r XF| 


Hence turning moment is given in magnitude by |rx ΕἸ. 
Notice that the turning moment has both magnitude and direc- 
ἊΝ tion (Le. clockwise or anticlockwise) and by 
definition must be a vector quantity. As long as 
the force vector F is localised in the line NP the 
moment remains constant. 
Hence using M to represent the turning 


moment as a vector, we can state that 
M = rxXF 
r 
The screw test here shows that the product 
Fig. 120 of r on F gives a positive value to M. 
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ec 


If the lamina shown in the diagram is rotating anticlockwise in 
figure (i) about an axis through O and clockwise in figure (ii) the 
familiar woodscrew would tend to travel upwards in figure (i) 
along the axis perpendicular to the plane of motion through the 
centre of rotation O. 

Hence in figure (ii) the rotation would be regarded as negative. 

Since angular velocity has both magnitude and direction it is 
regarded as a vector quantity. The angular velocity has a magnitude 
which is defined as the rate of change of angle with time. If after 
time t secs, the body turns through an angle of 5@ radians in time 
dt secs, then the average angular speed over time dt secs is δθ δι. 
As δ᾽ > 0 then the angular speed |w| at time t is 


Fig. 121 


νηὶ -- = (ord) 


Consider a point P whose position vector from O is r and whose 
angular velocity measured vectorially is w as shown in the figure, 
then the velocity of the point P will be at right angles to both r 
and w as shown, and it can be shown that v is the vector product 
of w on r, Le. 
v=wxr 

We now show a rigid body (previously we were limited to a 
lamina) rotating about the axis ON 

If P is a point in the rigid body let its position vector from O 
be r making an angle @ radians with the axis of rotation ON. The 
angular velocity w has magnitude |w| and its direction is that given 
by the motion of a woodscrew turning with the same rotation as 
w as shown. 
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Fig. 122 


The magnitude of the linear motion of P is 
PN x |w| = OP sin 0|w| = |w||r| sin Θ᾽ = |wxr| 


Hence velocity vector of P, y= wxr in a direction at right 
angles to the plane containing r and w forming a right handed 
system. 


Linear momentum 


The momentum of a body is defined as the product of mass and 
velocity. Since mass is a scalar quantity but velocity is a vector 
quantity then momentum is by definition a vector quantity, call 
it M 

M = mV 


The magnitude of the momentum is |mv| or μὴν] and its direction 
and sense is that of the vector v. 

Impulse is defined as the Change of Momentum. 

Hence Impulse is also a vector quantity, call it I 


Ι = mv, —my, 
= mV; —V>) 

The magnitude of the Impulse = mlv, —y,|, the direction is that 
of (Vv, —Yv>). 
Since 
d(my) 


F = 
dt 


Le. F dt = d(my) 
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It can be shown that integration of vectors can be performed as 
with scalars, hence 


t2 t2 
Fdt = | d(mv) 
7] 


and assuming that the force F is constant during the time (t,—f,) 
t2 
F(t, —t,) =| mv | = mV, ΠΥ. 


Putting t = (t, —t,) gives 

Ft = mv,—mv, 

But Impulse is defined as the change of momentum and so 
Impulse = Ft 


Since the time t is a scalar quantity and force F is a vector quantity 
then this relation shows that the vector quantity impulse has the 
same direction and sense as the vector force producing it. 


Motion in a circle 

The motion of a particle in a circle of radius a has two important 
properties : 

1. The radius vector r remains of constant magnitude, if the origin 
is taken at the centre. 

2. The motion is in one plane. 

The Scalar product of the radius vector with itself 


r.r = [ηὖ =a? (i) 
and the scalar product of r with a unit vector ἢ normal to the 


plane of the circle must be zero since r and ἢ must always be 
orthogonal. 


r.f=0 (ii) 


Differentiation of equation (i) with respect to time gives 
d d d 
a =r ta: r 
= 2.8 
d 2 
> πα ) 
= ῦ 
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This means that vectors r and r are perpendicular to each other. 
Differentiation of equation (ii) with respect to time gives 


d 
d d 
PAUL a+r. (a) = Ὁ 


but since ἢ is of unit magnitude and constant direction (d/dt)(f) = 0 
hence fii. r = 0 
Thus r is perpendicular also to ἢ as well as to r, hence £ lies in the 
plane of r and is perpendicular to r. r, ἢ and Fr are mutually ortho- 
gonal. 

Next consider the vector product (fix r) 
fixr = |fil|r| sin 90°S 
where § is a unit vector orthogonal to ἢ and r 

τ [8 since f=1 and sin90°=1 

The vector |r|§ is orthogonal to ἢ and r and so is parallel to r. We 
can state 
r = ars 
where ὦ is a scalar which need not be constant. 

It was shown earlier that the 
speed |r| = Angular speed times the radius 


so that the scalar ὦ is the angular velocity of the particle and 
ω = @ where @ is the angle in radians measured from some fixed 
base direction. 

It follows that 


r=ofxXr and this is illustrated in Fig. (123) 


Le be 


A 
n 


Fig. 123 
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The vector product of fi on r produces the vector qJr|§ in the 
direction shown, the order is important, the vector product of r 
on ἢ would be in the opposite direction, 1.6. —r. fi, r and r forma 
right-handed system. 


The order in vector products must be preserved and this is 
important in the differentiation of the vector product. 


r= ofxr 
Hence 
“(i = “ (ooh)x rtofx (0) 
1.€. 
f= OhXr+ohxr But r=ofxr 
= ὡδ Χτ-ωῆ Χ(ωῇ Χ τ) 


= oAxr+w*/Ax (ix r)| 
= oaxr+o7((A.rA—lfl’r] and f.r=0, [ἢ]2 = 1 
since ἢ. ἢ = [ἢ] 
= ὠὡῆΧτ--ὖὟ 
The acceleration ἔ has two components. The first, ὠ!ῆ Χ τὶ or 
|r|, is in the direction of the velocity r ie. in the plane of the circle 
but orthogonal to ἢ and τ, called the TRANSVERSE direction. Since 
[πὶ = a the transverse component of acceleration has magnitude 
aa. ; 
The second component —«?|r| has the direction of —r Le. it is 
directed along the radius towards the centre of the circle and is 
called the RADIAL component of the acceleration. 


In the case of motion in a circle the transverse direction is 
tangential to the circle and the radial direction is normal to the 
circle so the tangential and normal components of acceleration 
are also of magnitude @a and w7a. 

If motion along a plane curve is considered it is clear that the 
transverse direction which is orthogonal to the position vector 
and lies in the plane is not in general the tangent to the curve as 
in the case of motion in a circle. Similarly the radial direction is 
not generally the normal direction to the curve. 
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Tangential and normal components of velocity and acceleration 


Fig. 124 


P is a particle moving along the space curve shown, O is any 
convenient origin and r is the position vector of P. If PV is the 
geometrical tangent to the curve at P it is clear that when P moves 
to the new position P' that the tangent P'V' to the curve at P' has 
a new direction which varies with the curvature of the length of 
the arc PP! 

Let T be the unit vector along the tangent at P. Since T has unit 
magnitude although its direction varies with s, (where s is the 
length of the curve measured from some fixed point) then 


T.T=1 sinc T.T=/TP =1 


Differentiating with respect to s 


dT aT 
ως 1τῖ. =0 

aT 
27.7 =0 


hence dT/ds is a vector perpendicular to T and making an angle of 
πί2 in the positive direction from T as shéwn in Fig. (ii). Let fi be 
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the unit vector in this direction then 


— Κἢ where K is defined as the curvature and 
5 
p= = is the radius of curvature 


fi is the normal to the curve at P. 

From the definition of the differentiation of a vector 

dr . (r+or)-r . or 

—_= δ ea SE Ts eee 

ao Le i=0 δὶ 

as ὃ > 0 the magnitude of vector PP*(dr) tends to become equal 
to the arc length ds and have the direction of the unit tangent 


vector T, 
> lim 2 — lim 25 = |viT 
it-0 Ot it-0 ὃ 


where |v| is the magnitude of the velocity of the point P. 
But dr/dt is the velocity of the point P 


=>vy=|viT 


By differentiation of v with respect to time we can find the accelera- 
tion, 


dv ad d(\vl)-. . at 


= ἄν). WieKA 
dt 


2 

_ ἀνὰ Wg 
dt p 

It is seen that the acceleration has two components (i) d(\v\)/dt 


along the tangent to the curve at P (ii) \v|7/p along the normal to 
the curve. 
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Central forces and orbits 
If a particle moves in space when acted upon by a force directed 
towards some fixed point, the path of the particle is called its 
ORBIT. The force is called the CENTRAL FORCE and the fixed point 
is the CENTRE OF FORCE. 

Suppose the particle at P is of mass 


Ώ 
m and is acted upon by a single force 
ἐν directed towards the fixed point O 
which is taken as origin. Then OP is 


Fig. 125 the position vector of P and is repre- 

sented by r. Since the single force 
acting is a vector in the same direction as the vector r we know that it 
can be represented by Ar where 1 is a scalar not necessarily constant 
which can be positive or negative (in this case it is negative since 
the force acts from P towards O whereas r has the direction from 
O to P). From Newton’s Second Law of Motion we know that 
Mass x Acceleration = Force, hence 


P εἶτ 
mf = Ar | where F means rr 
The vector product with r gives 
mrxf = /Arxr=0 


since Ar and r have the same direction. 

Next consider the differentiation of mr xi with respect to t 
Ler = en ea. ὡ 

dt Se a Ce 

but mr and r have the same direction hence mr xr = 0 and mrxF 
has been shown equal to 0 also, hence 

d ᾿ 

ame x r)=0 


Integration with respect to t gives 


| Soma = [oa = k 

where k is a constant vector. 

=> mrxr=k 

This means that the constant vector k is at right angles to the 
plane containing mr and fF. 
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Hence the position vector r is always normal to the constant 
vector k and the point P must always lie in a plane since its position 
vector is bound to the centre of force and is always normal to the 
constant vector. The path of P is a plane curve which is determined 
by the initial velocity and position of the particle. 


x 
Fig. 126 


i i i lane curve 
Figure 126 shows a particle P moving along a pl 
‘iat te action of a central force. In the interval of time dt the 
particle moves from P to Q as shown. The area of segment aie 
is approximately }OP.PQsinOPQ. Calling δὰ the area ὁ 


segment OPQ 
δὰ = 4r||dr| sin OPQ 
dividing by ot 
x 
δί 


τ ~ ir |—| sin OPQ 
t 


as dt +0 
δὰ or ae 
im τ = —— = lim δε — sinOPQ 
Bn ἌΝ Ὁ δ" 
= ξ(γχ ἢ] | 

But we have shown earlier that when a particle moves under a 
central force that mrxf is equal to a constant vector, hence rxXr 
has a constant magnitude and this means that the rate of change of 
area swept out by the position vector is constant. 

In 1609 Kepler deduced this result empirically for the motion 
of the planets round the sun. He stated that the motion of the 


137 


An Introduction to Vectors 


planets resulted in equal areas being swept out in equal times by 
the imaginary line drawn from the planet to the sun. He also 
stated that the orbits of the planets are ellipses with the sun as one 
of the foci. With the help of Kepler’s work Newton was able to 
formulate his theory of universal gravitation that two masses m 
and M are attracted to each other by a force F such that 


kMm 


r2 


[ΕἸ = 


where k is a universal constant and r is the distance between their 
centres. Assuming that the influence of the other planets can be 
neglected and using Newton’s Law it can be proved that if the sun 
is taken as origin then the path of a planet round the sun is an 
elliptical orbit with the sun as the focus. The proof can be found 
in more advanced books on gravitational theory. 


The study of space curves and surfaces has had renewed interest 
in recent years as space travel and space research have become more 
widely understood. The elliptical orbits of the sputniks and satellites 
have often been illustrated in newspapers and magazines but it 
would be useful here to point out that the plane in which these 
objects orbit round the earth is determined beforehand by their 
speed and direction at launching. 

The space curves of capsules launched towards the moon and 
other planets are complicated examples of differential geometry. 


Exercise 16. 


Fig. 127 


The point P moves along the plane curve as shown. The origin O 
is chosen at any point in the plane of the curve and the position 
vector of P is r, the angle θ is measured from the fixed direction 
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of Ox. The unit vector in the direction of OP is f and the unit 
vector perpendicular to OP but in the plane of the curve is 8. 

1. Show that df/dt = 08 or 8. 

2. Expressing r = |r|? show that the radial and transverse compo- 
nents of velocity are dJr|/dt and [τ or |rl. 

3. Using the result of Qu. 2 show that the radial and transverse 
components of acceleration are 


Fel — [0 and 210. [rid 


4. If the curve has the equation |r| = asin kt where a and k are 
constants, then r = asin ktf. Find the radial and transverse com- 
ponents of velocity at time t = 1/k. 


Fig. 128 


5. If the curve referred to coordinate axes has the parametric 
equations y = asinkt, x = kt then r the position vector is given 
by r = xi+ yj. Find the velocity vector and acceleration vector of 
P at time ¢. " 
6. A particle P is moving along a curve so that its position vector 
r is given by r = acos wti+a sin wfj. | 
(i) Find the velocity at time t and give its magnitude. 
(ii) Find the unit tangent vector to the curve at time ¢. 
(iii) Find the unit vector normal to the curve at time t. . 
(iv) Find the acceleration at time t and give its tangential and 
normal components. | | 7 
7. A particle P moves along a curve such that at time ζ its position 
(x, y) is given by x = akt, y = asin kt. 
(i) Give the position vector of P. 
(ii) Find the velocity and acceleration of P. 
(iii) Find the component of acceleration along the tangent to the 
curve at P. ΕἾ 
8. A point P moves round the cardioid so that its position vector 
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r = a(cos@+1)f where ὁ = w = constant. Find the radial and 
transverse components of acceleration. 

9. A particle of mass m and moving with velocity v and acted 
upon by a force F, has a position vector r relative to a convenient 
origin O. The moment of F about O ie. the torque is given by 
M = rxF and the moment of momentum (angular momentum) 
H is given by H = rx mv. Show that M = dH/dt. 

10. A particle P moving with velocity y is attracted to a fixed 
point O by a single force f = (k/OP*)r. Show that rxv=h 
where h is a constant vector, hence prove that the angular momen- 
tum is constant. 
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Vector algebra as an abstract algebra 


So far the approach to vectors has been practical, through numeri- 
cal problems, practical applications to plane geometry, analytical 
geometry and mechanics. The historical development of the work 
that led to the extension of the concept of multiplication in number 
algebra, to cover scalar product and vector product of two vectors, 
was intended to explain how these processes had their origins in 
practical situations. 

In an abstract branch of mathematics, axioms or laws are 
stated and the subject developed from this basis without the 
guidance of practical applications. The laws of vector algebra 
given on page 25 for 2-vectors were shown to be valid for 3-vectors. 
If the laws stated are accepted for vectors of n-dimensional space 
then immediately we are working in an abstract algebra. The 
mathematician can think of the magnitude of an n-dimensional 
vector although he cannot make a geometrical or real model to 
show it. 

The equation x? + y” = a? represents a circle in two-dimensional 
space and x?+y?+z* = αὖ represents a sphere in three-dimen- 
sional space, but we can state that if x?+x3+x3+x}...x? =a? 
this represents a ‘hypersphere’ in n-dimensional space. Vectors of 
four or more dimensions can be added, and the process will be 
defined as on page 80. 


Suppose a = | a, and b= | ὃ, 


a2 b, 
as bs 
a, b, 


where (a,, 42, @3,...@,) and (b,, "1. b3,...b,) are the components of 
the vectors. It is impossible to imagine any process of addition 
which can be set out geometrically like the triangle of vectors—a 
geometrical model of the situation cannot be devised but the alge- 
braic process of adding components is very suitable. 


141 


An Introduction to Vectors 


Then the sum of a and b is defined as 
a+b = a, +b, 
a,+b, 
a3+b3 
a, +b, 


Scalar multiplication of a by m will be defined 


ma = ma, =m ay 
Maz az 
ma; a3 
ma, a, 
lal = ./a?¥ +a3+a2...a? 


where [8] is defined as the modulus. 

It is often more convenient to express a vector algebraically as 
a row vector, rather than in the column form. Thus a = (a;, ay, a; 
...d,) and ὃ = (b,,b2,b;...b,). 

Generally a vector V is expressed 


γ = (x;, Xo; X3,-. . X,,) 


In the early parts of this book vectors were represented by 
geometrical two-dimensional models, that is by directed line 
segments. These are often called 2-vectors and we then showed 
that by imposing an orthogonal cartesian basis on the plane of the 
vectors they could be represented algebraically using first their 
components in the base directions and secondly by a pair of num- 
bers only, derived from the components. Throughout the following 
treatment, the geometric model or the algebraic model was used, 
whichever was the more convenient. These ideas were then extended 
to a space of three dimensions and again it was found convenient 
to use either the geometrical model or the algebraic model to 
represent the vector and increasingly it was often found useful for 
the treatment to be a mixture of the two ideas as on pages 106-107. 
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Directed line-segments give a geometrical model of a vector but 
column vectors or row vectors give a numerical or algebraic model 
of a vector. In the abstract, vectors are often regarded as ‘mathe- 
matical quantities’ which require two or more numbers to define 
them. The numbers or elements can be selected from the real 
number field and if the scalars we use for multiplication are drawn 
from the same field then we are dealing with real vectors in real 
space. (If the numbers are drawn from the field of complex numbers 
then the vectors are over complex space and outside the scope of 
this introduction.) 

The base orthogonal unit vectors i, j and k of three dimensional 
space have coordinates (1,0,0), (0, 1,0) and (0,0, 1). Extending 
this idea to four-dimensional space gives the corresponding base 
vectors to span the space as (1,0,0,0), (0, 1,0,0), (0,0, 1,0) and 
(0, 0, 0, 1). The idea can be extended to a space of n-dimensions for 
which no geometrical models can be constructed. 


Linear algebra 
Consider the linear equation 


2x —3y+3z =0 


Obviously x = 3, y = 4, z = 2 satisfies this equation. 

The vector (3,4,2) is called a solution vector ‘of the system 
2x —3y+3z = 0. 

But obviously (3k, 4k, 2k) or Κί3, 4,2) is also a solution vector 
of the same system and is a scalar multiple of the first solution 
vector (3,4, 2). The linear equation 2x—3y+3z = 0 represents a 
plane through the origin and every solution vector lies in this 
plane. We say that the solution space of the equation 2x —3y+3z = 
0 is the plane through the origin which contains the vector (3, 4, 2). 
The solution x = 0, y = 0, z = 0 is called a trivial solution of the 
equation and is usually of little practical value. 

Next we see that the vector (3,3, 1) is also a solution vector of 
the equation. 

Calling vector (3,4, 2) the solution vector S and vector (3, 3, 1) 
the solution vector T we now show that the vector V= S+T is 
also a solution vector. 


V = S+T = (3+3, 4+3,2+ 1) = (6, 7, 3) 
and 


2(6) — 3(7) + 3(3) = 0 
143 


An Introduction to Vectors 


hence V is a solution vector. Every solution vector of 2x —3 y+4z = 
0 could be expressed as a linear combination of S and T. For 
example (—3, +3, +5) is another solution vector and let 


(—3, +3, +5) = aS+bT 

= a(3, 4, 2)+ b(3, 3, 1) 

= (3a+ 3b), (4a+ 3b), (2a+b) 
=> 3a+3b = —3,4a+3b = +3,2a+b = 4.58 
=>a=6,b= --7 


The solution vector (— 3, +3, +5) is 6(3, 4,2) —7(3, 3, 1), a linear 
combination of (3, 4, 2) and (3, 3, 1). 

These ideas can be extended to linear equations of any number 
of variables usually referred to as linear algebra dealing with n- 
dimensional vector space. 

From previous work we know that the equation we have been 
considering 2x —3y+3z = 0 which passes through the origin, has 
a vector ἃ = 2i—3j+3k normal to it. If we now consider also the 
equation x—2y+3z = 3, we know that this equation represents 
another plane. The vector normal to this plane is v = 1i—2j+3k. 
Since vectors u and y are not parallel then the planes to which they 
are normal cannot be parallel. The planes therefore intersect in a 


straight line in three dimensions. The solution vector which satisfies 
both the equations 


2x —3y+3z =0 
x—2y+3z = 3 


must lie along the straight line in which they intersect and this 
means that x,y and z can only be expressed in terms of some 
parameter ¢. The solution vector (—6, —3, 1) satisfies both equa- 
tions and every vector of the form (1, +3, (t+-9)/3) will satisfy the 
two equations because all these vectors lie along the straight line 
in which the planes intersect. 

Next consider the equation —2x+y—4z = 19, The_ vector 
normal to the plane it represents is given by w= —2i+ 1j—4k. 
Since w is not parallel to either u or v the three planes are non- 
parallel, each pair of planes will intersect in a straight line, there 
will be three such straight lines and it is obvious that unless these 
three straight lines are concurrent there will be no unique solution. 


ΓΗ 


Chapter 1] 


In fact the three straight lines are concurrent at the point (— 12, 
—9, —1). . . 

When dealing with linear equations with two variables or with 
three variables we can construct geometrical models to illustrate 
the problems. When the linear equations have four or more 
variables then we can no longer construct such models and 
methods using matrices then become of great value, making use 
of abstract vector algebra. 


Vector spaces 

The purely algebraic structure which we extract from the study 
of vectors treated as line segments (i.e. vector analysis) forms the 
basis of the extension to more generalised abstract vectors which 
we term vector spaces. The system of complex numbers can be 
taken as an illustration of the mathematical structure of a vector 
space. 

It has been shown earlier that the sum of two free vectors in a 
plane is another vector in the same plane. Similarly the sum of two 
free vectors in space (three dimensions) is another vector in the 
same space. We say that such a system is closed under the process 
of addition. Further we showed that the process of addition 1s 
commutative and associative. We further showed that such vectors 
can be multiplied by a scalar number to produce another vector 
in the same system. We can extend these ideas to abstract mathe- 
matical quantities which are also called vectors, where we can 
take ordered pairs or ordered triples of numbers for example, as 
the ELEMENTS of this vector system which obey the laws given for 
closure, commutativity, associativity and scalar multiplication, and 
then such a system is called a VECTOR SPACE. 

Using bold capital letters to represent vectors and small letters 
to represent scalars we can summarise the structure as follows: 


I A+B=C (Closure) 

Il A+B=B+A (Commutative) 
Il A+(B+C) =(A+B)+C (Associative) 
IV A+(—A)=0 (Inverse for addition) 

V A+0=A 
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Scalar multiplication follows these laws: 
VI sA is a uniquely defined element. 
VII s(A+B) = sA+sB 

ΝΠ (ἜΑ = sA+tA 

IX s(tA) = (st)A 


X 1.A=A _ (Unity element for scalar multiplication) 


} (Distributive Laws) 


Having summarised the mathematical structure of a vector 
space we see that the real vectors such as displacements, velocities, 


forces, etc., of the early part of this book satisfy the conditions for a 
vector space. 


We can define complex numbers in two ways: 


1. If x and y are real numbers and i? = —| (or i = / —1) then 
x+iy is called a complex number. x is called the real part of the 
complex number and iy the imaginary part, the abstract ‘number’ i 
is defined to follow the ordinary arithmetical processes, 


X+i=i+x 
where x is a real number 
xi = ix 
The sum of two complex numbers a+ib and c+id is given by 
(a+ib)+(c+id) = (a+c)+i(b+d) 


i.e. the sum of two complex numbers is another complex number. 
The difference of two complex numbers is 


(a+ib)—(c+id) = (a—c)+i(b—d) 
also a complex number. Notice that 
(a+ib)+(c+id) = (a+c)+i(b+d) 

= (c+a)+i(d+b) 

= (c+ id)+(a+ib) 
and addition must therefore be commutative. Again 
(a+ib)+ {(c+id)+(e+ if) 

= (a+ib)+(c+e)+i(f+d) 
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= (a+c+e)+i(b+f+d) 

= (a+c)+i(b+d)+(e+if) 

= {(a+ib)+(c+id)}+(e+if) 
which means that addition is associative. If the ‘number’ i is 
defined to follow normal arithmetical processes then 


(a+ib)(c+id) = a(e+id)+ ib(c+id) 
= ac+iad+ibc+i*bd 
= ac+iad+ibc+(—1)bd 
= (ac —bd)+ i(ad + bc) 
If s is a real number then 
s(a+ib) = sa+isb 
and if ¢ is another real number then 
(s+t)(a+ib) = (s+t)a+(s+ ib 
= sa+ta+sib+tib 
s(a+ ib)+ t(a+ ib) 


also 
s[t(a+ib)| = slat + ibt] 
= ast + ibst 
= t(as+ ibs) 
= t{s(a+ib)| 


The complex number x+iy is not the same as y+ix, x and y 
are real numbers so that the order of the two real numbers (x, y) 
determines the complex number which they define. 

In the x, y plane the point P defined by x and y as coordinates 
in that order, is unique. It is taken to represent the complex number 
x+iy since Argand showed that iy can be taken to mean a direction 

taken at right angles to the x-axis 
in an anti-clockwise direction. 
P(x.y) The position vector of P is OP 
so that associated with each point 
P in the plane is a unique position 
vector of components x and y. 
Hence we can associate a vector 
in the x, y plane with each com- 
Fig. 129 plex number. 
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The addition of two complex numbers a+ib and c+ id 


Fig. 130 


By definition 
(a+ib)+(c+id) = (a+c)+i(b+d) 


The diagram shows that R is the point specified by (a+c) and 
(b+d) since PR = OQ and R the fourth point of the parallelogram 
OPRQ represents the sum of (a+ib) and (c+ id). Clearly addition 
of complex numbers follows the parallelogram law for vectors. 
Similarly 


(a+ib)—(c+id) = (a—c)+i(b—d) 
which is represented by the point S. 


_-7Rlarc, b+d) 


Q(c,d) ---"~ / F 
ae P@,b 


T. 
(- ς- α) 
Fig, 131 


The multiplication of the complex number (a+ ib) by the scalar 
number 5 is given by 


s(a+ib) = sa+isb 
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P'(sa,sb) 
“᾿ 


Fig. 132 


P represents the complex number (a+ ib) and the point P’ with 
coordinates sa and sb represents s(a+ib). In this way we can give 
a geometrical interpretation of operations with complex numbers. 
The whole field of electrical technology and electrical engineering 
was transformed by the use of the geometrical illustrations of 
complex number operation which was given by Charles P. 
Steinwetz in 1893 in a famous paper on ‘Complex quantities and 
their use in Electrical Engineering’, read to the International 
Electrical Congress in Chicago. We can regard the geometrical 
representation of complex numbers as a mathematical model. 
Other mathematical models are possible such as their representa- 
tion by (2x 2) matrices of the general form ᾿ bad associated 


with a+ib. δι 

2. The representation of the complex number a+ ἰδ by the ordered 
pair of real numbers [a,b] gives another mathematical model and 
this system of ordered pairs has the structure of a vector space. 
The treatment of complex numbers as an ordered pair of real 
numbers was originated by Sir W. R. Hamilton during his studies 
which led to the discovery of Quaternions in 1843. 

It is beyond the scope of this book to do more than this but the 
algebra of vector spaces is more usually known as LINEAR ALGEBRA. 
Linear algebra has wide applications in economics, programming, 
computing, econometrics, etc. A number of modern books are 
listed in the bibliography. 


Exercise 17. 

1. If s = (2,3,5,1), t =(1,2,1,4) and v = (5,6, 17, —8) express 
the vector v as a linear combination of vectors s and t. 

2. Show that the vectors a = (3,2, 1), ἢ = (4, 2,2) and ς = (1, 3, 1) 
are linearly independent. 


149 


An Introduction to Vectors 


3. What is the solution space of the equation 3x+4y+2z = 0? 
4. Find the solution space of the pair of equations 


3x+4y+2z = 20 
2x+3y+z= 10 
5. Use the results of Qu. 3 to show that the linear equations 
3x, +4x2,+2x, = 20 
2x, +3x2+x;3 = 10 
5x; +4x,-x,=4 
have a unique solution. Give the solution vector. 
6. For what value of m have the following equations a solution? 
3x+4y+z =11 
4x+2y—2z = 8 
3x—2y—5z=m 


7. Show that numbers of the form a+b,/2, where a and b are 
rational, follow the axioms for a vector space. 

8. Show that polynomials of the form ax?+bx?+cx+d also 
follow the axioms for a vector space. 

9. Using the definition of addition and scalar multiplication given 
on page 142 show that vectors of the form V = (a,,a>,...a,) 
follow the axioms for a vector space of n dimensions. : 

10. Show that position vectors OP = x,i+y,j+z,k constitute a 
vector space of three dimensions. 
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Vector operators, gradient and field 


We can represent vectors in two or three dimensions by directed 
line segments and the study and analysis of the operations on these 
directed line segments is usually known as vector analysis. This part 
of the subject was developed to enable engineers and physicists to 
study problems in mechanics, aerodynamics, electricity, elasticity, 
relativity, heat and so on, generally in three dimensions. Many of 
these problems are beyond the scope of this book but some of the 
fundamental ideas used in tackling them can be introduced and the 
way prepared for later work. This will also be an appropriate 
opportunity to link up some past work such as differentiation, 
integration and partial differentiation by indicating their applica- 
tions. 

It is convenient to use cartesian coordinates but many of the 
results are independent of the system of reference, i.e. the operations 
remain the same in spite of a change of axes or origin. Properties or 
operations which do not change with choice of different axes or 
points of reference are said to be invariant and a consideration of 
invariance is a subject for other books which carry the subject 
further. 

The location of points, lines and surfaces in 3-space requires 
three variables x,y,z, in cartesian coordinates. The study of 
curves and surfaces in space is called differential geometry and 
makes use of the calculus of vectors. Since the subject requires the 
use of three variables it is inevitable that the treatment involves the 
use of partial differentiation. Again the applications of vector 
analysis to scalar fields and vector fields is of considerable impor- 
tance to the physicist and engineer. 


Scalar fields 

It is well known that if a hot body is embedded in a block of 
asbestos, as in night storage heaters, the temperature in the region 
surrounding the hot body varies with the position of each point 
under consideration. A similar situation is found in the earth 
itself. It is established that at a depth of 50 ft the temperature of the 
earth becomes steady at 60°F and then increases by 1°F for every 
50 ft nearer the centre of the earth. Temperature is a scalar quantity 
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and these are therefore examples of a scalar field. If in a region of 
space we can associate a scalar quantity with every point in that 
space, such a region is called a SCALAR FIELD. If we use cartesian 
coordinates, and to each point (x, y,z) of the region R in space 
there can be associated a number or scalar $(x, y, z) then ¢ is called 
a scalar function of position or a scalar point-function and this 
defines a SCALAR FIELD ᾧ in region R. If this scalar field is indepen- 
dent of time then it is called a stationary or steady-state scalar 
field. 

Instead of using cartesian coordinates each point P in the region 
could be determined by its position vector and the scalar function 
for each point P denoted by ¢(P). As we move from point P to 
another point P’ in space near to P the scalar function has a new 
value ¢(P’) and the new point P’ lies in the space surrounding P. 
If the position vector of P is r and of P’ is r+6r then the displace- 
ment PP’ is or. 

Over the displacement PP’ the scalar function has changed from 
d(P) to (P’). 


Then the average space-rate of change is 


Φ(ΡΊ -- Φ(Ρ) 
|r| 


and this change takes place in the direction of PP’ (or 6dr) ic. 
it has magnitude and direction. Now as |ér| > 0 the point P’ 
approaches nearer and nearer to P and jf the limit exists, then 


im Φ(ΡΊ-- Φ(Ρ) 
δι} +0 ότι 
represents the space rate of change at the point P of the Scalar 
point function ¢(P) in the direction of dr. This space rate of 
change has a magnitude which depends on the direction chosen. 
If we denote the space rate of change of ᾧ with distance as 
(ἀφ (45) then if ἢ is the unit vector giving the direction chosen, we 
show that (d@/ds) is in this direction by the subscript @ thus 
(d/ds), which means the space rate of change in the direction of ἢ. 
Definition 
If ἢ is the unit vector in the direction for which (ἀφ  (5}8--α is a 
maximum then the vector (d@/ds),f is called the gradient of the 
function ¢(P); it is denoted by Grad ¢ or V@ where the symbol V 
is usually called DEL (sometimes NABLA). The treatment of Grad φ 
so far has been independent of a system of coordinates, but for 
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convenience it is usually desirable to introduce cartesian coor- 
dinates. At the point P the scalar function ᾧ is given as ¢(x, y, 2). 
Under these conditions it can be shown that 

Op, Gh, op 

= = ——f4— ee 

Grad ¢ = Vd map As 
where 0@/0x, 6¢/dy and d@/dz are the magnitudes of the compo- 
nents of the vector V@ along the x, y, z axes. Since ᾧ is a function 
of three independent variables (x, y,z) it is clear that the partial 
derivatives must be used in the three directions of x, y,z. In the 
expression for Vd above, the expression 


can be interpreted as 


ὃ Glu walt 
Suse " 5 " ae 
(Si S545. » 

treating the expression in the bracket as a sort of VECTOR OPERATOR 


and regarding this operation as equivalent to V Le. 

A π. 
dy @2z 

Thus at each point P in a scalar field where the scalar function 
(x, y, z) is differentiable one can associate a vector field given by 
V¢ such that the maximum space rate of change Is given In magni- 
tude and direction by this vector field. 

For instance if #(x, y, z) is a scalar function giving the temperature 
at each point P(x, y, z) in a field then V@ gives the direction of the 
heat flow vector at P. 


Example ] 
1. If d(x, y, z) is a scalar field defined by 


(x, y, z) = 2x*y —3xy? +4xz 


find the magnitude of the scalar function ᾧ at the points (a) 
(2, —1, 3) and (b) (—1, 0, 4) 


φ, = 2(27)(—1)—3(2)(— 1)? +4(+ 2)(3) 
=x ~$ 564A 
= +10 
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φ, = 2(—1)?.0—3(—1)0+ 4(-1).4 
= 0+0-16 
= —16 


Example 2 


2. If (x,y,z) = 2x?y—3xy*+4xz defines a scalar field find 
Grad ¢ at the point (2, —1, 3) 


Grad φ = Vo φ = 2x*y—3xy? +4xz 
οτος δῷ δῷ δῷ) δῴ 
= "ax A ay t be re 4xy—3y?+4z = 4.2 (-- 1) 
= 1i+20j+8k —3(-—1)?+4.3 
= —8-—3+12 = +1. 
0 
ay = 2x?—6xy = 2. 2? —6(2)(—1) 
= 8+12 = 20 
0 
be = 4x = 8. 


Hence the maximum space rate of change of function @ at the 


point (2, —1, 3) is \/17+20?+87 = ./465 in the direction of the 
unit vector 


oz erry aaa oR 
/465 ./465 .465 
Exercise 18. 


1. The scalar function @(x, y, 2) = x?+y?+z?, find @ and Vo at 
the point (1, 2, 3) 


2. Given a scalar field defined by $(x, y,z) = 2x?y— zy+5 find φ 
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The vector operator DEL V possesses properties which make it 
useful over a very wide field. It is of course, a vector differential 
operator since it involves the operations of differentiation and has 
vector properties also. 

We have shown that it can operate directly on a scalar function 
but if a is a vector function then Va is undefined. However, since 
V is similar to a vector function scalar products (dot products) and 
vector products (cross products) are defined and have many appli- 
cations. The simplest of the scalar products is called the DIREC- 
TIONAL DERIVATIVE obtained by the scalar product of the vector 
V@ and a unit vector 4 in any required direction. 

Directional derivative = Υφ. ἃ 

Since Grad @ is a vector whose magnitude is the maximum 
space rate of change at a given point P in space then the scalar 
product with a unit vector 4 in any other direction at the same 
point P gives the magnitude of the space rate of change in the 
direction of ἃ. 

Example 
Find the space rate of change of the scalar function 


(x, y, 2) = 2x?y —3xy? +4xz 
at the point (2, —1,3) in the direction of the vector 2i+ 3j+ 2k 
Gradg@ or Vo= i +45, + 


= li+20j+ 8k (see Example 2 page 154) 


If a = 2i+3j+2k then lal = ./274+37+2? = /17 
a 2 3 2 
ὃ ὦ τ΄ a ee hh eh 
lal ae itn S17 


The directional derivative of Vd with the unit vector 4 gives the 
required space rate of change in the direction of 4 


8 ς, 5. ὁ 
Ja Jin Jt 


Vo.a= ἀμ 20} δι). 


at the points (a) (0, 0, 0) (b) (1, -- 1,2) (c) (—1, —1, -- 2). 


ν ᾿ = y, 2) = 2x?y—zy?+5 find V@ (or Grad φ) at the point ΝΎ By 
4. If φ, and @, are differentiable scalar functions of x, y, and z % ν 
prove that ja 19 


(i) Vidi +62) = Voi + Vor 
(1) Vip, . $2) = $,Vo,+¢,VO, 
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Hence required rate ~ 19. 
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Next consider a scalar function (x, y, z) which is constant (say C) 
Le. ) SAX, ¥,z)= 

The simplest example is the function 

x? 4+y?+27 = @? 


which gives a sphere. 
Another example is 


which gives an ellipsoid. 

In both examples the scalar function represents a surface in three 
dimensional space; in general if (x, y, z) = C the function repre- 
sents a surface. 

Let the position vector of a point P on such a surface be r then 


r= xi+ γ᾽ Ὁ ΖΚ 


and where s is the distance of P from some 

fixed point. Reference to Fig. 124 shows 
de 9 that dr/ds = T (a unit vector along the 
ds ds" ds” ds tangent.) 


and hence dr/ds lies in the tangent plane to the surface at (x, y, z). 
If we take the scalar product of Grad ¢ with dr/ds we have 


dr op 0p οφ dy _dz 
Og = [ ax Vay ἡ ΟΣ ) (i ἀκα 
_ op dx oo dy oo dz 
~ @x ds éy ds éz ds 


where dd/ds is the total differential coefficient of (x, y,z) with 


respect to s. 
But (x, y, z) = constant 


hence = = θ 
ds 
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This means that 


and it follows that the vector V@ is at right angles to dr/ds which 
lies in the tangent plane. 
Thus Vd must be normal to the tangent plane, at the point 


P(x, y, 2). 
Example I ) 
To find the normal to the surface of the ellipsoid 
x2 y? 2? 

—= ὶ 
ea ἠδ. 


at the point (1, 1, 3). 
The normal to the surface is V@ at (1, 1, 3) 


». 22 
= [xi+-j+—k 
[ 2? 9 κι 
= li+3j+4k 


Example 2 
To find the equation of the tangent plane to the surface of the 
ellipsoid x?/2+ y?/4+2z?/9 = 1 at the point (1, 1, 3). 

The normal to the surface i.e. to the tangent plane at the point 
(1, 1,3) has been calculated and is 


n = 1i+4j+4k 


If the point (x, y,z) is any point on this plane then its position 
vector is 


r= xi+ yj+ zk 

and the position vector of the point (1, 1, 3) 

ry = li+1j+3k 

hence 

(r—r,).n = 0 

gives the vector equation of the required plane. Hence 
[xi+ yj+zk —(1i+ 1j+3k)] . ΠῚ ἘΣ ἘΚ] = 0 

[(x — Di+(y — Dj+ (2 —Hk]) . [1i+-3j+ 3k] = 0 
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or . 

x—-1+y—1)+4(z-—3) =0 

which reduces to 

6x —6+ 3y—3+4+2z-—-3=0 

and 

6x+3y+2z—12 =0 

is the required equation of the tangent plane at the point (1, 1, 3). 


Vector fields 
If at any point (x, y, z) in a region we can associate a vector function 
a(x, y, z), such a region is called a vector field. 

a is a vector function of position or a vector point function. 

A vector field which is independent of time is called a stationary 
or steady-state vector field. 

Common examples of vector fields are: 

1. The magnetic field in the space surrounding a bar magnet; at 
each point in the space round the magnet the magnetic field has a 
definite magnitude and direction which vary with the position of the 
point. 

2. The gravitational force field round the earth. 

3. The electrostatic force field round a charged body. 

4. The velocity at different points in a moving fluid. 

If a is vector function of position we have already noted that 
Va is undefined but the vector differential operator V can operate 
by a scalar process or vector process denoted V. or Vx on 
another vector. 


V . ais defined as the DIVERGENCE of vector a or Div. a (a scalar 
quantity) 

and 

V xa is defined as the curt of vector a (a vector quantity). 


It is beyond the scope of this book to pursue this part of the 
subject further but the scalar field given by div. a has applications 
in physics and mechanics. 


Exercise 19. 
l. The equation x?+y?+z? = 29 represents the surface of a 
sphere, centre at the origin and radius ./29 units. 
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(i) Show that the point P(2, 3, 4) lies on the sphere. 

(ii) Find the position vector r of P. 

(ili) Find V@ at the point P(2, 3, 4) hence verify that V@ is normal 
to the surface at P. 

(iv) Find the equation of the plane tangential to the sphere at 
P(2, 3, 4). 

2. Find the unit normal vector to the surface x?y+2yz* = 6 at 

the point (1, 2, 1). 

3. Find the equation of the tangent plane to the surface 

xy+yz*+xz = 11 at the point (2, 3, 1). 

4. Find the angle between the surfaces x?+y?+z?=6 and 

x? + y?—z = Oat the point (1, 1, 2) where they cut. (Hint: the angle 

between two surfaces is the angle between the normals to the 

surfaces). 
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Answers 


Exercise 1. , 
1. Speed 254 m.p.h. direction N 34° 48° W. 


2. 17-7 knots bearing 121° 17’. 

3. 10-4 1b wt bisecting angle between the two forces. 
4. 32-13 ft/s? angle 5° 22’ with the vertical. 

5. 24-49 m.p.h. TOWARDS N 67° 17’ W. 

6 


. At point P 5-928 miles N and 2°828 miles E, ie. 6-48 miles in a 
direction N 25° 53’ E from O. Conclusion addition of vectors is 
commutative. 


Exercise 2. 

1. 8-9 m.p.h. S 82° 23’ W. 

2. 64m.p.h. from N 51° 20’ W. 
3. 19-2 m.p.h. from N 6° 20’ E. 
4. 43:24 m.p.h. from N 19° 6’ E. 
5. 32:6 m.p.h. from N 85° 36’ E. 


Exercise 3. | 
1. |e] = 4978 415 30’ with OX. 


2. |d| = 14-934 41° 30’ with OX. 


3. a= 38 
4. b = 2b 
5. c = 4-978é 


4] = 14.934 d= 14-934é 
6. Resultant = 3-606 Ibf. S 76°51’ E. 


Exercise 4. 
1. 606 Ibf making an angle of 30° between the forces of 5 Ibf and 


4 ἰδ. 
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Equilibriant force 6-06 Ibf acting at P in the same plane, and in 
a direction bisecting angle between forces 2 Ibf and 34 lbf. 
2. x = Zand y = 3. 
4. ¢ = 2d PR/ST, PR = 2ST. Mid-point theorem. 
5. Two sides and the included angle. 


Exercise 5. 

l. p= 38+49; q = 5X+39; PQ = q—p = 2k-F# 
2. OM = 431-79 

3. OG = 5&+ 59 
4 


. AB = 2+9 BC = 28+9. These are parallel vectors with a 
common point B, hence collinear. 


8. AC = a+b; BD = b+c; AD = (a+b)+cand AD = a+(b+e). 
Addition is associative. 
10. ¢ = b—a; EF = mb—ma = m(b—a) = me. |EF| = mic|. Corres- 


ponding sides are in the same ratio and are parallel. Triangles 
are similar. 


11. OG = 5&+59. G is the point (5, 5). 
12. OD = 3&+49 


Exercise 6. 
1, [2] = 10 


ἃ = 0-68 +0-89. 
2. a = 3R+49 
b = 6£+79 
AB = 3%+39 =[ 3 
ἢ 
3. AB = 31.- 327: AP = 5&+59 


Since AP = 3AB they are parallel vectors having point A in 
common, hence the points A, B and P are collinear. 
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4. AB = 28+29 
BC = —1%+29 
AC = 1+ 49 
AB+BC = +49 
OG = 3&+ 59 
10, /13 15./13 
5. AB = 3 K+ 3 9 
6. a= —3X-29 
b = 188+ 129 
c = —3kX—2kf 
Ἔν ΣΝ 
26 26 
Jae. Inf eo 
ote Ἀν 
u; = R 
Exercise 7. 
l. a = 30.-- ς 
13 
2.  Ξξ ce is 


3. m= -- 12 n= 12 


4. In questions 1, 2 and 3, linear dependence has been shown 
algebraically. In this question the linear dependence of ¢ on a 
and b is shown geometrically. 


. 8 
c= ΝΜ ν 


Exercise 8. 

Exercise 9. | 

1. 4i-—j+k. 8. 1. 9. Conclusion these results verify that 
a. (b+c) = a. b+a.c. 
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2. 39. Angle is arc cos 39 = 


30 


3. i+3j—2k. 21. 19. These 


r.p—r. 4. 


ND ὦν 


r.(p+q) = 40. (r+p).q = 44. 
(i) 4i—j+6k (ii) 7i+j+2k 


(iii) Si—k (iv) 7i+j+2k 


(v) 22i+ 7i—k 


« las a / lds οὔθ; . 783. 


— 


ge 


238 
9. p= 161/51, 4 = —62/51, 


./53 
10, ~——({4j —} 
0 53 (4i—j + 6k) 


11. a= 
(i) [--47] Gi) [77 (ii) 
2 BYE 


13. 20/3 


14, 106/17 


Exercise 10. 
1. r = 2acos?@i+asin70j 


2. r = asin?0i+2a sin70j 
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493 


r = 36/51 


—4 
5 
0 
«ἢ 


are cos 238. Ὡς cos (= 10/493) 


(iv) 


7 
l 
2 


(v) 


results verify that r.(p—gq) = 


- 


Answers 


3. r = acos @i+b sin 6j 
2pcos@, 2psiné, 
2 B= psd i0088 


5. Rectangular hyperbola. xy = εὖ 


6. Straight line parallel to vector p 


Exercise 11. 
1. jax b| = [8] [δ] sin 30° = 6 units. 


Vector product is a vector 6f at right angles to the plane of 
a and b. 


2. (X1V2—-YiX2)% 
3. axb=4k. axb = |al|blsinéa ἃ --κΚ 
5. /20 sin 0k = 4k 


6 = 10° 18’ (or, arc sin @ = 7 


6. a and b are parallel or collinear. 


858 π. 12 
3- 2 ὁ 

8.r.s=25. rxs= —4i+j+2k 
First product is a scalar and the second is a vector. 


im Xn| = 10,/3. The vector product is 10,/3a at right angles to 
the plane of m and n. 


10. mxn = 10i—4j+ 6k 
i = (51-2) 43k). 


WE 


Ὁ 


Exercise 12. 
1. (r.—1,) Κ τ — τ} 


2. (τ -- τ} Χ (F3 —F2) 
3. (r,—Fr,). (Γ3 --τ2) = 0 
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4. 7x—4y—z+1=0 Exercise 13. 


: i—4j—k l. axb = —i—2j+2k c.axb = 3, 
/66 axc = 2i—Sy+2k b.axc= —3 
‘ /66 2. % = —=2 
4 Exercise 14. 
τ : 2 
7. r = (1—t)a+tb 8. || = V2. G =; 
x-2 y-3 2-3 : ; 
ὃ. ——— = —— = — 
3 4 > Exercise 15. 
1. 15 units. 
9, “6 | 
46 2. 21 units. 
Exercise 16 
4. Radial component -54 ak. Transverse component -84 ak 
5. x = ki+kacos kt j 
d*r ὙΜΈΝΙ 
= —k*asin kt j 
6 (ὃ ν -- -- αὦ sin wti+amcosatj || = aw 
(ii) T = —sin wti+cos ot j 
(iii) ἢ = —cos wt i—sin wt j 
(iv) a= ¥ = —aw’ cos wti—aw’ sin wt j 


2 
Tangential Component 0; Normal Component aw? = laid : 
. * ΕΣ . a 
Motion is circular, radius a. 


7. (i) = akti+asin ktj 
(ii) v= akit+akcosktj; a= —ak* sinktj 
— 2 ; 
(iii) ak sin 2kt 
2./1+cos? kt 
8. —aw*(2cos +1), —2aw? sin θ 


Exercise 17. 

l. v = 4s—3t 

3. The plane through the origin given by 3x+4y+2z = 0 ie. the 
plane perpendicular to the vector (3, 4, 2). 
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4. The space (the line) generated by the vector (2, — 1, — 1) passing 
through the point (x = 2, y = —1,z = 9). 

5. (4, —2, 8). 

6. m= —1. 


Exercise 18. 
l. d= 14 
Vo = 2i+4j+ 6k 
2. (a) +5 
(b) +1 
(c) +5 
3. φ = 41+ 4j+ 4k 
Exercise 19, 
a 
(ii) r = (2i+3j+4k) 
(iii) Vo = 41+ 6j+ 8k 
(iv) 2x+3y+4z—29 = 0 
4i + 3j+ 8k 
oft 


3. 6x+3y+8z—29 = 0 


τ or arc cos τ 


2. ἢ 


4. θ =cos” 
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